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ABSTRACT

ToprIiCS IN MULTI-DIMENSIONAL DIFFUSION THEORY:
ATTAINABILITY, ERGODICITY, AND RANKINGS

Tomoyuki Ichiba

This thesis is a contribution to multi-dimensional diffusion theory. Attainability, ergodicity,
and rankings of n-dimensional diffusions will be discussed in the intersection of the theories of
elliptic partial differential equations and of the stochastic calculus. The idea of effective dimension
for diffusions, originally explored in the theory of the exterior Dirichlet problem, gives a criterion
for the attainability of an (n-2)-dimensional hyperplane.

This attainability can be rephrased as a triple-collision problem of n diffusive interacting
particles on the real line. Another criterion for the attainability comes from the so-called skew-
symmetry condition of Brownian motion with oblique reflection in the (n-1)-dimensional positive
orthant. Non-attainability plays a crucial role not only in uniqueness of the diffusion in the
sense of probability distribution but also in determining related one-dimensional local times of
continuous semi-martingales.

These considerations have ramifications concerning the ergodic properties of ranked diffusion
obtained from those of the (n-1)-dimensional Brownian motion with reflection. These topics will
be united in a fresh manner with an application to the mathematical study of the Atlas model

of equity market.
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Chapter 1

SDEs with Bounded Coefficients

It is very difficult to capture all random phenomena in the world. Unfortunately for politicians
or rulers who must face random outcomes and their consequences, and fortunately for researchers
who are fascinated by random events and their mathematical structure, observed randomness is
too complicated to do so. Theories of Probability and Statistics have provided useful frameworks
and tools to understand randomness by (i) simplifying the way of thinking towards randomness,
(ii) setting up a mathematical model which describes the randomness, (iii) showing consequences
in the model and (iv) seeking a closer model to the reality. There are many techniques of
simplification. One of them is to make variables constants. It often works very well, while it is

sometimes too simple to be used in practice. Other useful simplifications are, for examples,
e removal or replacement of variables by new objects
e approximation by linear/smooth/convex/bounded objects

and so on. Each describes different aspects and levels of randomness and has advantages and
disadvantages because of complication of random phenomena.

In this dissertation we focus on the last one of simplifications in the study of stochastic
dynamic systems, namely, a system of stochastic differential equations (SDEs) with bounded
coéfficients. This simplification is still complicated much more than expected and the resulting
model has mathematically rich enough structure. Our goal is to determine how far the model
can depart from the constant-coéfficient model and how closer it can be to the reality.

The system is well-defined and uniquely determined in the sense of probability distribution

under some conditions. We organize important results derived by researchers previously and



then state some new observations and contributions to the study of the system.

We introduce some notations and motivating examples in Section [[LTJl Then we shall study
existence and uniqueness of process with bounded measurable coéfficients. In Section the
existence and uniqueness are discussed through the martingale problem studied by Stroock and
Varadhan [55].

The existence of solution is shown by approximating the target probability measure by a
sequence of probability measures. The weak convergence of the sequence of probability measures
is verified from some estimates. The estimates are on the expectation of the integral of the
bounded function of coérdinate process with respect to time under the approximating sequence
of probability measures. A key estimate is given in Proposition obtained by Aleksandrov
[4]. Here, we recite it with a shortcut, preserving Aleksandrov’s beautiful geometric approach in
Section

When we discuss uniqueness of the process in the weak sense, we encounter difficulties of
dealing the process which enters regions of discontinuity of coéfficients. Section [[4] is devoted
to attainability of sets for the process studied mainly by Friedman [I3] with a counter-intuitive
example given by Bass & Pardoux [9]. The study of uniqueness for piecewise constant coéfficients
in polyhedral domains by Bass & Pardoux [9] is explained with Krein-Rutman theory [33] of
convex cones in Section

After these verifications of well-posedness of the process, the triple-collision problem of process
is introduced and partially answered in Section[[L6l We introduce the idea of effective dimensions
(CIZ0) of multidimensional diffusions, which originally comes form the study of exterior Dirichlet
problem explored by Meyer and Serrin [44]. This part of Section [[.6lis one of new contributions
to the current subject by the current author. The understanding of triple-collision problem leads
us to the consideration of local times described in the next chapters. In Chapter 3 we come back
to the same triple collision problem but with another view obtained from the study of Brownian

motion with reflection in the positive orthant discussed in Chapter 2.

1.1 Introduction

In this section we introduce some notations and definitions used throughout this dissertation.
Some motivating examples of stochastic dynamical systems in the class of stochastic differential

equations with bounded coéfficients are listed for later references.



1.1.1 Basic Notations
Probability space

Let n > 2 be an integer, © be the set C(R4;R™) of all continuous functions from the positive
real line R4 to n—dimensional Euclidian space R™. For each w € €2, the function w: ¢t € Ry —
w(t) € R™ is the restriction of the function at the “time” ¢. Let F be the o—field generated
by Q. Define o-fields F; = o(w(s),0 < s < 1) associated with w € Q for ¢ € R, , and define the
filtration F = (F;)icr, - Let P, is the Wiener measure on the filtered space (©2,F,F) such that
P,(w(0) = ) = 1. Now consider the class M of all probability measures p on R™ and define
the initial measure P, (A) = [p, Po(A)dp(z) for A € F. We re-write F for the completion

with respect to U emP,, -

Matrices

All the vectors are defined as the column vectors unless it is to be specified. The superscript -/

for matrices indicates their transposition. Let 1 be the (n x 1) vector of ones.

Differentials

Let us denote the class of continuously differentiable functions having all derivatives of order
smaller than or equal to k& in R™ by C¥(R"). Let C¥(R™) be the class of functions in C*(R")
with compact support in R™. We denote the gradient, Hessian and Laplacian operators by V,

H and A respectively, i.e., for any function ¢ € C?(R)

09 9 99\ %9
Volr) = %(x) - <37x1 Y aixn> » Ho@) = (D?jd)(x)){lgi’jﬁn} - <axiafﬂj>{1§i,j§n}7
, n n 82
Ap(z) =1 (He)(x)1 =D > (%gbm .
i=1j=1~*7"J

Wedges in R"

We shall construct a map P : R" — R:‘_‘l ={yeR" 1y, >0,i=1,...,n— 1} in the
next three paragraphs. Hereafter we use Rﬁfl in this sense which is different from the common
notation.

Let II be the symmetric group of permutations of {1,...,n}. For example, two elements
m,a €Il with (1) =1,7(2) =2,7(3) =3,...,7(n) =n and #'(1) =2,7'(2) =1,7'(3) =

3,...,7(n) =n are different. The set II consists of n! elements.



Let us define a map p* : R™ +— II such that for each x € R"

(1.1) Tps(1) 2 Tpo(2) 2 2 Tpe(n)

where the ties are resolved by choosing the smaller index for the bigger i.e. p*(j) < p®(j+1) if

Tpe(j) = Tpe(j41) for some j=1,...,n—1. For every 7 € I we can define a polyhedral region
R by
(1.2) Re={x €R"; 2701) 2 Tr2) 2 -+ 2 Tr(n) -

Note that the union of all such R, over w € II is the whole space, i.e., UrenRr = R™. The
interiors R, and R, of different regions are disjoint, i.e., R "R =0 for m# # 7', m, ' € II.
We define ng) = Urr(k)=iRx where the ith component is ranked kth for 7,k =1,...,n.

A projection from R" to R"!

Now let us define a projection map P : R™ — Rfﬁ_l by
(1.3) Px = (Tp=(1) — Tpe(2), Tp=(2) — Lp=(3)s -+ Tp=(n—1) — Lpz(n)) € ]R’_ffl ;. xeR™.

1.1.2 Bounded Continuous Coéfficients

Let us define an n—dimensional Ito process by X := ((X1(¢),...,X,(t)),t € Ry) which is

given by the stochastic differential equations in a schematic matrix form:
(1.4) dX(t)=bX()dt+s(X(@)dW(t); 0<t< oo, X(0)=xz0 € R"”

where the measurable functions b(-) : R™ — R™ and s(-) : R™*™ are bounded and continuous,
and W = (W1 (t),...,W,(t)),t € Ry) is the n-dimensional standard Brownian motion on some
filtered probability space (2, F ,F,P). It is well known that if the coéfficients satisfy the global

Lipschitz and linear growth conditions

[6(z) = bWl + l[s(2) — s(w)]| < Kl —yll,

Ib(@)[1* + lls(@)[I* < K>(1 + [l«]*) ,

(1.5)



for every z,y € R", where K is a positive constant, then there exists a continuous, adapted

process X exists and square-integrable in the sense that there exists a constant C' such that
(1.6) EIX@)]2 < C(1+ [lzo]?) exp(CH); 0<t<T,

for every T > 0.

Here are some examples.

Example 1.1 (Constant coéfficients). b(-) = b, s(-) = 5 for some constant vector b € R” and
matrix § € R™™. Although this is a very special case, we can extend our consideration to a
more general set-up of process Y := {(Y1(¢),...,Y,(t)); t € Ry} by considering transformations

X =F() . When F(-) =log(-), the solution ¥ becomes the geometric Brownian motion.

Example 1.2 (A class of bounded solutions). Does the boundedness of coéfficient imply bound-
edness of solution in some sense? Generally not, however, here is a class of bounded solution with
bounded coéfficients. For notational simplicity, let n = 1. If the functions satisfy b = (VF)oF~1
and 0 = (AF) o F~! for some invertible function F : R — R of a class C} of twice contin-
uously differentiable bounded functions, then the solution is X (t) = F(W(t)) for 0 <t < 0.
Especially, the solution is bounded. For example, if F(z) = ®(z) := ffoo ¢(y)dy where ¢ is
Gaussian kernel ¢(z) = (27) texp(—22/2), z € R, then X(-) = ®(B(-)) is the solution.

1.1.3 Piecewise Constant Coéflicients

Now suppose that the measurable functions b(-) : R™ — R™ and s(-) : R"*™ in ([L4]) are piecewise

constant in each polyhedral region R, ,7 € II of (I2)) with the map p* in ([T, i.e.,

(1.7) b(a) =Y belm, (x) =byr, s(x)=) splg, (z)=sp:; z€ER",

mell well

with constant vectors b, and some nonsingular constant matrix s, for every 7w € II. The matrix-
valued functions b(-) and s(-) are bounded and measurable but not necessarily continuous. In
each region R, the process X behaves like a diffusion of constant coefficient. Here are examples

of such system.

Example 1.3 (Monotone drift and Atlas model). Suppose that for each = € II, the drift



coefficient b, in (L4), (L7) satisfies
(1.8) b'/r(l) < bﬂ.(z) <...< b‘n’(n)

Then, for each ¢ >0, 1 <i < j <n the smaller X;)(t) has larger drift b(;) than the larger

Xr@iy(t) . Moreover, if all br(;) except for j =n are negative and by(,) is positive with
(1.9) bﬂ(1)+'~-—|—bﬂ,(n)20; mell,

then the model becomes one special case of financial equity markets studied as the so-called Atlas

model by Banner, Fernholz & Karatzas [5]. O

Example 1.4 (Concave variance and Linearly growing variance). Suppose that for each = € I,

the volatility coefficient s, in ([4), (L7) satisfies
(110) Sp = diag(ow(l), e 70'7‘-(")), 0'721_(2) — 0'721,(1) 2 0'721,(3) — 0'72‘_(2) Z e 2 0'72‘_(”) — 0721,(”71) .

Then we say that the volatility structure has concave variance in the sense that, for example, the
smaller X (;)(¢) has more variance afr(i) than the larger X (;(t) foreacht > 0,1 <i<j<n
but the increments become smaller and smaller, as the ranks go further down. Moreover, if the

inequalities hold as equalities, that is for some constants og > 0 and s € R
(1.11) O<072r(k):00+k5; k=1,....n.

we call the model has linearly growing variance structure. (|

Those examples are very special yet have some important parametric structures which we look
into deeper both with some theoretical interest in stochastic processes and with its application to
mathematical finance. The condition (L)) gives us the insight that the system does not move far
away quickly, when the time ¢ goes to infinity. With this condition and other conditions will give
us some ergodic properties of the system. The linearly growing variance condition was observed
by Fernholz [12] in the actual U.S. equity market. Later we study the so-called no-triple-collision
problem where the volatility structure is of great importance. The linearly growing condition

(CI0) is a sufficient condition for absence of triple collisions.



1.1.4 Piecewise Continuous Coéfficients

We may work a little bit more general than piecewise constant case. Here is an example where

its uniqueness is known.

Example 1.5 (Gao [I4]). Suppose that the coéfficient s(-) in () is piecewise continuous on
each of the two half spaces, i.e., if the (i, j)—th element satisfies
st() IR ={zeR":z >0}

sij (1) = K
s;() InR™ ={zeR": x <0}

+

where s;; : R™ — R are continuous functions. Gao [14] studied this example and showed

uniqueness of weak solution. O

1.2 Existence and Uniquness of Martingale Problem

We defined the stochastic model (4] as the system of n—dimensional SDE. The appropriate
next step is to ask whether the system is well defined. Note that the coefficients b(-) and s(-)
in the system (L4 do not satisfy the continuity in general. For example, the Atlas model and
concave variance structure in Example[I.3]land [[.4] have discontinuities. This consideration invites
us to take a careful examination of the well-posedness of the solution to the stochastic system.
If the coefficients are fixed (Example [[]) or Lipschitz continuous ([LH)), we may approximate the
system more easily by a sequence of recursive Picard-Lindelof type iterations, as in the classical
theory of differential equations. Otherwise, we consult with the partial differential equations
theory, in order to extend our considerations to a wider class of solutions in the previous Sections
[LT3 and [CT4

Existence of weak solutions to the system of SDEs with bounded coéfficients are well-studied
by Krylov [35], Stroock & Varadhan [55]. The so-called Alexandroff’s estimate for the elliptic
partial differential equations plays the essential role in the proof of the existence. The estimates
are in terms of LP-norm for p > n, since the coéfficients are not necessarily continuous. The
1t6’s formula and the formulation of martingale problem build a bridge between the system of
SDEs and the elliptic partial differential equations with the infinitesimal generator of the Markov
process. We combine these techniques to show existence.

Uniqueness has another story. Here we consider uniqueness in the weaker sense of probability



distribution, since there strong uniqueness does not hold in general. The difficulty in showing
uniqueness lies on the behavior around the vertex and the boundary of the regions where the
coéfficients have discontinuities. The process may visit a point, for example, the origin in the
n—dimensional coordinates infinitely often with probability one; see Section [[.4

Let us explain this some more. The n—dimensional standard Brownian motion visits the
origin if n = 1 infinitely often, while it never visits the origin if n > 2, with probability one.
It is shown by Girsanov’s change of measure argument that for the n—dimensional Brownian
motion with constant drift and variance-covariance rate shares the same property. However, as
in the example of Bass & Pardoux [9], it is not true for the n—dimensional diffusion in general.
In fact, Bass & Paroux constructed an example such that the n—dimensional diffusion X with
piecewise constant coefficients in each conic region but not exactly same as ([L4)-(L7) hits the
origin infinitely often with probability one. They chose the region and the variance-covariance
rate in a specific way so that each region is a polyhedral cone with the vertex being the origin
with carefully chosen small aperture and all the eigenvalues of the variance-covariance matrix is
small except one direction. Their construction is explained with some modification in Section
[LZTl If the process is attracted to the vertex, the understanding around the vertex needs more
effort.

Therefore, the proof of uniqueness of the weak solution requires more delicate arguments
near the vertex. Bass & Pardoux [9] have overcome this difficulty up to some extent. They used
Krein-Rutman theorem for the positive compact operator in a cone to compute the resolvent for
the distribution of the diffusion. It is shown that the resolvent is the limit of ratios of integrals
with respect to Markov transition probabilities and is uniquely determined by the drift b(-) and
diffusion s(-) coéfficients. The uniqueness of the process follows from this uniqueness.

In the next few sections we discuss the following Theorem [Tl

Theorem 1.1 (Existence [35], [55] ; Uniqueness [9]). The weak solution to (LA)-([0) exists and

is unique in the sense of probability distribution.

Denote the distribution of the solution starting at xop € R™ by P, .

1.2.1 Martingale Problem

In this section we discuss how the existence and uniqueness of the system of SDEs defined by

([4)) and ([L7) are to be understood in the weak sense. The key idea is to transform the problem



into the so-called martingale problem initiated by Stroock & Varadhan[55].
Let L, be the second-order differential operator defined on the space of twice continuous

function ¢ € C%(R™) by

1 0
(1.12) Lap [9l(2) = 5 Z aij () 5 aq; Zb 8a: reR
UL j : ¢

,j=1

i=1

where a;;(-) and b;(-) are bounded measurable functions, and assume that the matrix-valued
function a(-) = (ai;(-)) is uniformly elliptic in R™ . If it is so, the operator is often called strictly
elliptic or uniformly elliptic.

The elliptic operator L can be seen as the infinitesimal generator of Markov process X . The

corresponding process can be written as in the stochastic differential form:
(1.13) dX(@t)=bXt)dt+o(X({#)dW(t); 0<t<oo,

where o(+) is the square-root of the (n x n)-matrix-valued function a(-), i.e., a(-) = o(-)o(-)" . We
have in mind the special case when a(-) = sy« sy and b(z) = by= which is piecewise constant in
each polyhedral domain defined in (1)) and (T4).

We review with the definition of weak solution.

Definition 1.1 (Weak Solution). A weak solution of equations is a triplet (X, W), (Q,F,P),
F = {F;} where

(7) (Q,F,P) is a probability space, and F is a filtration of sub-o-fields of F satisfying the usual

conditions

(it) X ={X4, F;0 <t < oo} is a continuous, adapted R™-valued process and W = {X;, F;; 0 <

t < oo} is an n-dimensional Brownian motion,

(#3i) for 1 <i,j<mn

(1.14) P [/0 (1bi(X (w))] + |oij (X (w)]? )du < oo] =1 and

(1.15) X(t)—X(O)—|—/Otb(X(u))du—i—/Ota(X(u))dW(u), 0<t<oo,P—a.s.
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To find a weak solution is to find such a Brownian motion in the definition. P. Lévy’s char-
acterization of Brownian martingales says that any vector of n—dimensional square-integrable
continuous martingales with all quadratic variation processes linear in time and with zero cross-
variation processes is n—dimensional Brownian motion [42]. In fact, we have the following

Lemma [T 11

Lemma 1.1 (Problem 4.4 of Karatzas & Shreve [28]). Let X := {(X(t), Fz); 0<t<oo} be
a continuous adapted process. For any function f(-) in the space C?(R) of twice continuously

differentiable functions on R,

(1.16) f(X(t))—f(X(O))—/O ["(X(s))ds, Fi;0<t<oo0,

is a continuous local martingale, if and only if the process X (-) is a Brownian motion.

Thus, we consider a class of square-integrable martingales first, instead of Brownian motion

itself, in the following Problem [l

Problem 1 ((Local) Martingale Problem). The (local) martingale problem is to find a probability
measure P on some probability space (2 = C(Ry,R™),F = B(N),F) such that P, (X(0) =
x0) =1, and

f(X(t))—f(X(O))—/0 Lopf(X(s))ds; 0<t<oo

is a Py, -(local) martingale for all f € C*(R") and all xo € R™.

If the local martingale problem is solved, we use the following Proposition [[.J] Note that
if the volatility coefficients o(-) is bounded, the local martingale problem can be shown to be

equivalent to the martingale problem.

Proposition 1.1 (Local Martingale Problem and Weak Solution. Theorem 4.2.1 of [55]; Propo-
sition 4.6 of [28]). Suppose that a probability measure P is a solution to the local martingale
problem associated with Loy, in (LIZ). Then, there is an n—dimensional Brownian motion
W= (W(t), F(t);0 <t < o0) defined on an extension (U, F,P) of (Q,F,P) such that (X, W),
(Q,F,P), F:={F} is a weak solution.

1.2.2 Bounded Continuous Coéfficients

When the coéfficients are bounded and continuous, we have the fundamental existence and

uniqueness result for weak solutions of SDE ([L13)).
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Theorem 1.2. [Skorohod [51], [53]; Stroock & Varadhan [55]] There ezists a weak solution of
([TI3) when the coéfficients b(-) and o(-) are bounded and continuous, and o(-) is non-negative

definite. Moreover, if the Cauchy problem

ou

(1.17) o

=Lgpu; in (0,00) xR", w(0,:)=f; inR"

has a solution u/ € C([0,00) x R™") N CH2((0,00) x R™) which is bounded on each strip of the

form [0, T] x R™, for every f € C§°(R™), then there exists at most one solution of (LI3)).

The proof of existence uses approximation of solution P by a tight sequence {P("™} of solutions
for SDE with step-function like coéfficients b(™) and a(")(-), which approximate the bounded
continuous b(-) and o(-). We use both boundedness and continuity for the tightness of {P(")}.

It is interesting to see the duality between existence of the solution to the Cauchy problem
(CI1), and uniqueness of the solution to SDE (LI3]). A sufficient condition for existence of
bounded solution uf on each strip of the form [0, T] to the Cauchy problem (I7), is that the
coéfficients be bounded and Hélder-continuous on R™ and the matrix value function a(-) in
(CI2) be uniformly positive definite.

At this point one can naturally pose the following problem.

Problem 2. Can we relax the conditions of continuity of coéfficients for existence and uniqueness

in the above Theorem [1.9?

1.2.3 Existence

In the following, let us first examine the existence based on a thorough study by N.V. Krylov in
a sequence of papers [38], [39], [40], [34] [36]. Also, we refer Exercise 7.3.2 of Stroock & Varadhan
[55].

This section sketches the proof of the existence of weak solutions. The details are explained
in the following subsections. First, we remove the drift part. This is done through Girsanov’s

change-of-measure theorem because the drift coéfficients are bounded and measurable.

Removal of Drift

Let us define the process
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Assume that the process £(+) is progressively measurable. In fact, when the measurable functions
b(-) and s(-) in (L4 are piecewise continuous, by the nature of the functions b(-) and o(-),
the mapping ¢ — £(¢) is bounded and right-continuous or left-continuous on each boundary
ORp(x()) at time ¢, deterministically, according to the position Ry(x—)) of X(t—). Then,
although the sample path of n—dimensional process &(-) is not entirely right-continuous or
left-continuous, it is progressively measurable. Moreover, £(-) is bounded, so the exponential

process
n t 1 t ) .
"“):e’“"[;/()<5i<u)’dWi<“)>‘2/o 0] du] L 0<i<

is a continuous martingale, where ||z[|*:= Y_7_, 23, x € R™ stands for n—dimensional Euclidean

norm and the bracket (z,y) := Z;:l xjy; is the inner product of two vectors z,y € R". By

Girsanov’s theorem
t
(1.18) W (t) := W (t) Jr/ o M X (u)pu(X (uw))du, Fr; 0<t< oo
0

is an n-dimensional standard Brownian motion under the new probability measure Q that sat-
isfies by Q(C) =EF(n(T)1¢) for C e FJ¥, 0< T < oc.

Thus, it suffices to consider the case of b(-) =0, namely,
t
(1.19) X(t) = mo—l—/ o (X (u)) dW (u), 0<t<oo.
0

By this removal of the drift part, it is essential to handle the case when b(:) = 0, i.e., the

second-order differential operator for ¢ € C?(R") is

(1.20) L[8)(z) = % > i) 82 aij (@); «eR".

Application of Alexandrov’s Estimates

The idea of showing existence is to find a probability measure which satisfies Definition [T This
is done through an approximation procedure of the target probability measure P by a sequence of
probability measures {P®*) | k =1,...} which are solutions to martingale problem for bounded
continuous function a*) : R* — S§" k= 1,... In order to do so, we apply a priori estimate
for partial differential equations obtained first by A.D. Aleksandrov [4] and obtain the following

Proposition
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Proposition 1.2 ([36]; Exercise 7.3.2 of [55]). Suppose that a®) : R" — S™ is a bounded
continuous matriz-valued function and uniformly elliptic, i.e., there exist some constants A >
A > 0 such that

AlB? > 0a® ()0 > \|0]*; 6 eR™, zeR".

Then the solution to martingale problem for

~ 1 <
(1.21) =23 al) (2)0? /0w 0z
ij=1
starting from x € R™ exists. Moreover, for all p(> n), T >0, R >0, f € Co(R") with

support supp(f) C Bo(R) in the ball with center 0 and radius R,

(1.22) < Caap,rlfllLe ey,

B[ / ) dt|

where Cy A p1 5 a constant which depends on A\, A,p,T only.

The estimate (L22) can be derived mainly based on the consequence of Monge-Ampere equa-
tion and A-concave functions studied by Aleksandrov and Krylov. We recite one of their repre-
sentative estimates as (L54)) in Proposition of Section [[.3.3] where we present it in a shortcut
manner, since the original proof was lengthy and scattered. Aleksandrov [1] [2] [3] gave a geo-

metric approach to the Dirichlet problem of second-order partial differential equations:

(1.23) Lu=f inG, u=0 ondG

for a bounded subset G C R™ and the second-order differential operator L defined in (20).
With Aleksandrov’s clever observation on convexity and projection the solution to the Dirichlet
problem is bounded by LP-norm for p > n. In fact, Aleksandrov obtained that under some

conditions

(1.24) ()| < Ol fllns  in G

for some constant C' depending on the minimum and maximum of eigenvalues of matrix-valued
function a(-) and the bounded region G. Following the idea of Aleksandrov, Krylov examined

the results extensively and analytically in view of the maximum principle of partial differential
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equation and the stochastic control problem.

Sketch of Proof of Existence of Solution to (L4) with bounded measurable coéfficients. Here we take
Proposition [[2 for granted temporarily. We choose the coefficients {@*)(-)} to be a sequence of
bounded continuous maps which satisfy that for any fixed ¢ > 1, R > 0 and e > 0, there exists

ko such that

(1.25) ‘/ 160 (2) — a(@)||7dz| < e; k> ko,
Bo(R)

Here ||| is the matrix norm. Since the a(®)’s are bounded independent of k, the solutions
{fb(wk)} to the martingale problem for L(*) in (CZ1) starting from = € R™ form a weakly
conditionally compact set in the space of probability measures on C'(Ry,R™). Let {I@(k,)} be a
convergent subsequence of {P®)} and let P be its limit.

For any bounded continuous ® : R+— R, and f € C§°(R™) with bounded support supp(f) C

By(R), by the triangle inequality we obtain

o o [ 29 sxwar)] -7 fo( [ wscxnar)]

< [E*[a( / Ti<k>f<x<t>>dt) — o / TWf(X(t»dt)H
[ o | 20 sxenan)] -2 [o [ 00wy ar)|
el o [ oxoyan) o [ 1 sxar)].

It follows from (22 that the first term of right-hand in (I26) is estimated by

i T _ T _
’Eﬂ“’”[rp(/o L(k)f(X(t))dt)fd)(/O L )f(X(t))dt)”

(1.26)

T
P ~ ~
(1.27) <M B [0 3% (KON Loxemmnn 4t
- 1/p
<MCupr[ [ @) - @) da]
supp(f)

where the constant M depends on the bounds on ® and the second derivatives of f(-). Similarly,
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the third term of right-hand in (T.20]) is estimated by

s [ " Lix)ai) - of / "L x|

0
(1.28) "

<M G [ @) @ @) da

supp(f)

The second term of right-hand in ([L26]) converges to zero, by the continuous mapping theorem:

(1.29) lim [EF [@(/T Lk (X (1)) dt) | EP[<1></T L p(x () at)]| =o.
—00 0

0

Thus, combining ([26), (TZ17), (T28)) and [[29) with (LC25), we obtain

k—o0

(1.30) lim |[EF® [@(/Tﬂ’“)f(x(t))dtﬂ —]EP[QJ(/TLf(X(t))dt)” —0.
0 0

Therefore, P is a solution to the martingale problem for the operator L in (I20). O

The argument of the above proof is quite general. We can obtain the existence for not only
the case of piecewise constant coefficients on the polyhedron domain but also the case of all

bounded measurable coefficients. As a summary, we state the following.
Proposition 1.3. The weak solution to (L4) with bounded measurable coéfficients exists.

Thus, our task is to derive Proposition through the estimates (L24]) for the Dirichlet
problem ([23]). There are two closely related approaches to obtain the estimates.

The first one is geometric approach which is the original idea of Aleksandrov. This technique
uses the normal image of subset of R™ with respect to convex function and projection. Since
our problem allows the discontinuity of coéfficients, we try to understand what kind of geometric
properties are not affected by the discontinuity given in the equation. The idea of Aleksandrov
connects the volume of projected convex hulls of solution on different hyper-planes and the
solution to the Dirichlet problem.

The second one is the analytic approach studied by Krylov [38] [39] [40] [34] [36] with some
relation to stochastic control theory. Both approaches have nice consequences.

In the following sections we state the idea concisely, since the original literature are lengthy

and scattered. Then, we prove Proposition and complete the proof of Proposition
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1.3 Geometric Approach to the Dirchlet Problem

In this subsection we review A.D. Aleksandrov’s clear geometric idea on the Dirichlet problem

([C23) to derive ([24]) based on [1] [2] [3]. Let us rewrite the Dirichlet problem.

Problem 3. Find a function u(-) in the space of twice continuously differentiable functions such

that for a bounded subset G of R™, we have

(1.31) % Z 3%8%( x)=f(z); ze€d

and u(x) =0 for x € 0G where OG is the boundary of G .

The classical theory of partial differential equations guarantees the existence of solution to the
Dirichlet problem for continuous coéfficient A(-) = (a;;(-))1<i,j<n and Hélder continuous data
f(-) for a Holder continuous smooth domain G. For the details and more general results, see
[16] for example. Suppose that there is a (non-trivial) solution u(-). We consider the following

problem in this section.

Problem 4. What is the connection between the behavior of the solution u(-) of the Dirichlet

problem, the coéfficients A(-) = (ai;(-))1<i,j<n and the data f(-) ?
A.D. Aleksandrov provided an answer to this problem under some general conditions.

Theorem 1.3 (Theorem 8 of Aleksandrov [3]). Suppose that there exists a solution u(-) when
the coéfficient A(-) is non-negative definite, and |f(-)|P is integrable for some p > n over the

subset G C R™, i.e

(1.32) 1flle = /G (@) Pdz < oo

There exists a bounded continuous function h(-) specified in (LB0) and LP-norm ||-||g related

to m-dimensional hyperplane H specified in (I46]), for some 1 < m < n, such that

(133) lu(-)| < 2h(-ym~ VMt i fly i {z e R u(z) <0}NG,
lu(-)] < 2h(~)m71+1/m071/m Nf=llg in{reR" :ulx) >0}NG.

m

Here the constant v, is the volume of the m—dimensional sphere, and fi(-) are the posi-

tive and negative part of function f(-), respectively, i.e., fi(x) = max(f(x),0) and f_(x) =
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max(—f(x),0), z € R". Consequently, we have

(1.34) Ju(-)| < 2(sup h(y)) m™ "o i f g i G
yeG

Remark 1.1. The crucial part of the above conditions is that the matrix-valued function A(-) does
not have negative eigenvalues; there is no other restrictive condition. It is allowed, in general,

that A(-) may depend on the solution wu(-) and its derivatives as well.

1.3.1 Extrinsic Geometry

We introduce some geometric objects in order to discuss Aleksandrov’s technique of developing

Theorem [[L3l Let us fix an integer m, 1 <m <n.

Hyperplanes and Pencils (Sheaves)

Definition 1.2 (Hyperplanes). We define a m—dimensional hyperplane H which passes through
the origin, i.e.,

m
H:= {Z{E[ﬂz n; GRn,i: 1,...,m},
i=1
for somem unit column vectors ny ...,n, of R™ such that rank (n; ...n,)=m.

For example, if m = 1, the corresponding one dimensional hyperplane H = {zn : z € R}
is the line in the direction of n € R™. If m = n, then H is the whole space.

Let us define the n—dimensional orthonormal basis {e;; i = 1,...,n} where e; is the (nx1)
vector whose i-th component is one and others are zeros. We may take the above n; as e; by
rotation of the hyperplane H . By rotation of the coordinates from the original one (x1,...,x,)
to another one (yi,...,yn) we specify the hyperplane H, so that yi,...,y, axes lie in H.
In fact, we take (n —m) (n x 1) vectors n,,y1,...,n, additionally to (ny,...,n,,), so that
rank(ny ...n,) = n. From the Gram-Schdmit orthogonalization, we obtain the orthonormal
basis (€1,...,€,) from (ny,...,n,). The point z = Z?zl r;e; € R™ can be written as = =
S vi€i = ¢(Y1,...,yn) in terms of this new codrdinate (€1,...,€,), where ¢ : R" — R™ is

the linear function. Since the i-th element x; = (z,e;) = >7_, y;(€), €:)

ZT; 1y---Yn ~ 2u 1y---Yn L 2U£Z? ~ ~
(1.35) a—*mz@j,ei}, O uldly y))zzzﬁ ()<6k,ei><€£,€j>-

6yj o 8yj
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Figure 1.3.1: Pencils of planes with axis I for m =2,n =3.

Figure 1.3.2: The convex hull for z = u(-).

Definition 1.3 (Pencils). Let us take an (m — 1)—dimensional plane I passing through the
origin. The set H of all m—dimensional planes passing through the plane I forms a complete

pencil ( or “sheaf” ) of planes with axis I. See Figure [[31

Convex Hulls

We consider the function w(-) as the graph z = w(z) for € R™ in the coérdinate of

(x1,...,2n,2). The convexity of the graph is our key tool.

Definition 1.4 (Convex Hulls). We say that the convex function @(-) spanned by a function
u(-) is the convex hull of the surface of the graph z = u(-), if 4(z) is the supremum sup,cc v(x)

over the class C of all convex function v(-) at x € R” smaller than u(-). See Figure

Total Derivatives

Definition 1.5 (Total second derivatives). Suppose that the function w : R™ +— R has the
generalized first- and second-order derivatives, Vu and Aw. Let us define the Hessian matrix

Hu(-) := (0*u / 82,07 )1<i j<n(-) of u(-), and the approximation error e(-: zo) for zop € R™:

e(z;zg) := u(x) — (u(xo) + (Vu,x — x0) + %(m —xo, Hu(zo) (x — :co))) ;o xeR™,
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where (-,-) represents the Euclidean inner product. We say that u(-) has the general first and

second total derivatives

n n n

du 9 0%u
duzza—midzi and d uzzzaxiamdxidxj

i=1 i=1j=1 /

at the point xg, if the error e(z) converges to zero, as = converges to xg € R™ in any direction

in R™.

It is known that if the function wu(-) satisfies one of the following Condition [T} then it has

the total second derivative almost everywhere:

Condition 1.1 (Total second derivatives). One of the followings holds:

(I) the function u(-) has the generalized second-order derivatives in any closed subset D C G

and the n-th power of the second-order derivatives are integrable over D .

(IT) the function wu(-) is differentiable throughout G, and moreover,

[Vu(z) = Vu(y)]]

_@15131, < 00,
A el
at every point y € G except for a countable subset of R™, where ||| stands for the

Euclidean norm of the vector inside.

When the function u(-) has an ordinary second differential almost everywhere, then it has

total second derivative.

Normal Image

Let v(:) be a convex function. Given a point xg € G C R™, there exists at least one (n x 1)-
vector p := (p1,...,pn)" such that the hyperplane defined by z = v(xg) + (p, & — zp) supports
the graph z = v(-) at the point z, where the bracket (-,-) stands for the inner product of two

(n x 1)-vectors.

Definition 1.6 (Normal Image). The normal image of xg with respect to v(-) is defined as the

(n x 1)-vector p. That is, the normal image p(xg,v) of xy with respect to v(-) satisfies

(1.36) p(zo,v) = {p €R" : v(zo) + (p,x — x0) < v(z) for x € G}.
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p

Figure 1.3.3: Normal Image p with respect to the convex function a(-).

Further, for a measurable subset £ C G define the normal image of E with respect to v(:) by
p(E,v) = Ugep p(x,v) . We define the volume of the normal image as W (E,v) := Leb(p(E,v)) .
See Figure .33 For the details see A.V. Pogorelov [47] Section VIII.

If the function u(-) satisfies the above Condition Il (I) or (II), then the convex function @(-)
spanned by wu(-) has an absolutely continuous normal image with respect to Lebesgue measure. If
a convex function has an absolutely continuous normal image, then the same is true of almost all
its non-degenerate projections on the planes in any pencil. The volume W(E,v) of the normal
image of the set E with respect to the convex function wv(-) is an additive function of the set
E . If it is an absolutely continuous normal image, then we may verify that

8%v

Ox;0x; >1§¢,j§n'

(1.37) W(E,v):/Edet(V(x))dz where V() = (

Projections on the hyperplane H

Now let us consider the projection Gy of G on the m—dimensional hyperplane H. We ro-
tate the coordinate system and rename it, so that the hyperplane H is described by the first
m—codrdinates x1,...Z,,. Let us write the projection zg := (z1,...,%,,) of a point z € R™
on H . We consider the projection on H of the surface defined by the function as well. We take
apg(-) to mean the principal minor of the matrix of A(-) corresponding to the indices 1,...,m
of the axis which lie in the hyperplane H. If m = n, then the principal minor ag(-) is the

determinant det (A(+)) of the matrix-valued function A(-).
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Define the function @ : R™ — R by
(1.38) a(zy) = irglfu(f)

where the infimum is taken over all £ € G C R™ for which the projection &g is identical to xp .

The projection on H of the convex hull z = u(x) spanned by the surface z = u(:) can be written

as z = v(x), where
(1.39) v(x) = V(TH, Tomgts .. Tn) = @0 (xg); x €R".
By definition, v(-) < u(-) in R™.

For almost all hyperplane H the followings hold:

e () has an absolutely continuous normal image.

e The normal image of the set of points xy with respect to @!?(-), for which u(-) does not

have a general second differential, is of zero Lebesgue measure in H .

On the other hand, if u(-) is everywhere twice differentiable, then the above two conditions hold

for all H for which @*(-) is non-degenerate.

Definition 1.7. Let M be the set of points € R™ at which the following three conditions are

satisfied:
1. the functions u(-) and v(-) satisfy v(z) = u(z).
2. the function w(-) has the total second derivative,
3. the function v(-) is twice differentiable.

Let My be the projection of the set M on the hyperplane H and p(Mpy , @) be its normal

image with respect to 4(-). By the construction of the normal image and the definition of M

we obtain that
(1.40) Leb(p(My,v)) = Leb(p(H, @) ) = Leb(H N p(H,q)).

Let K be the (n + 1)—dimensional cone lying on M . Its projection Ky on H has the

normal image p(Ky,u'"). We assert that if v(-) is defined on a set of positive Lebesgue measure
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w

Figure 1.3.4: Auxiliary cone K lying on the convex set C' which contains G .

and twice differentiable, modulo a set of Lebesgue measure zero, the intersection H N p(K,v)

coincides with the normal image p(Kp,v) of Kp:

(1.41) p(Km,v) = HNp(K,v).

Suppose now that the solution wu(-) to the Dirichlet problem (I3I)) satisfies u(zg) < 0
for some point zp € G C R™. Let us denote the region where the solution u(-) is negative
by N :={x € R" : u(z) <0} C G. Take an n—dimensional convex region C' C R™ which
contains G and build an (n+1)—dimensional cone K with vertex (z¢,u(x)) lying on it. Thus,
— u(xg) is the depth of the cone K from the n—dimensional hyperplane z = 0 to the vertex.
Let the cone be described by the function u®(-), and define the normal image p(K,u’(-)) of
the cone K with respect to the function u(-) defining it. Let S(v) be the support plane of
the region M defined in Definition [[L7] with exterior normal v and ¢(v,z() be the distance
from the support plane to the point zy. The support plane to the cone K passing through
the plane S(v) forms an angle « with the hyperplane z = 0. The angle « is determined
by tan(a) = |u(xo)|/ q(v,x0); see Figure [[34 Moreover, we observe the relation between the

normal images.

(1.42) p(K,a"™) c p(H,u').

With these preparations, we are ready to state the proof of Theorem The original
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lengthy proof is in Aleksandrov’s paper [3]. Here, we state it in a simpler and more direct way to
emphasize the beautiful connexion between Geometry and Analysis which are sometimes hidden

behind the theory of SDEs with bounded coéfficients.

1.3.2 Normal image and the Dirichlet Problem

In this subsection we see that the volume W (E,v) of normal image of set F in ([L37) is utilized
for evaluations ([L48) and (L49) of the solution w(-) of the Dirichlet Problem (L3I). First,
it follows from the definition of v(:) in (I39), of the set M in Definition [[7] and of the total
derivatives, that v(:) = u(-), dv(:) = du(-) and d*> v(-) < d?>u(-) in M. That is, for the (m xm)
matrix-valued functions
2 2
ut) = (ngba(x)j)lgi,jgm’ Ve = (()a:zzz)é(?:zz)j)lgmgm7

the difference of matrix (U —V)(:) is non-negative definite in M . Moreover, from the convexity
of the function v(-) in M, the matrix V(-) is non-negative definite, i.e., det(V(:)) > 0. From
the definition of v(-) the second derivatives 8%v / (9z;0x;) for m < i,j < n are set to be zeroes.

Then, since the matrix-valued function A(-) does not have any negative eigenvalues, there

exists the (n x n) square root matrix C(-) of A(-), such that a;;(-) = ¢(-)c;(-) where C(-) =

(c1(v) ... en(r)) = (cij(+))1<ij<n With (n x 1) vector ¢; = (¢i1,...,¢)" for ¢ =1,...n, we
obtain
n n n n / (') n n n 82'0(.)
ZZ (‘330 89& ZZQ 8:5 Ox; :Zzzcik(.)cjk(.)ax»ax»
i=1 j=1 Lt YU k=1 =1 j=1 L
< =
Zzzclk il 89;1 830] Z : a5 )8331 Ox; in M
k=11i=1 j=1 =1 j=1

Thus, by the use of 9?v / (0z;0x;) = 0 for m < 4,5 < n first and then the inequality between

the arithmetic and geometric means we obtain

ZZ 8x 89; Zza” 896 890] ZZ aij 83: (%L‘J

(143) i=1j5=1 i=1 j=1 i=1j5=1

= trace(A(-)V(.)) > m( det(A(") V()))

Y™ (e (Ywir()Y™ >0 in M.

where A(-) is the first (m x m) principal matrix of redefined A(-) according to the rotation of

the codrdinate so that the first m coordinates lie in the hyperplane H, ag(-) is the principal
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minor az(-) = det(A(-)) >0 of A(-) and

0?v(x)

= d = det ( ) |
wi () et(V(z)) ¢ 0x;0x; / 1<i,j,<m
(1.44) )

0*utl (xy)
:det[(i) }20; reM.
O0x;0x; 1<i,j,<m

From the definition of Dirichlet problem (L3I]), it follows that if u(-) is the solution to the
Dirichlet problem, then the left-hand of (IL43)) is 2f(-) and hence it is necessary that f(-) be
non-negative in M, i.e., f(:) = f+(-) in M, where f(:) is the positive part of f(-). Thus, we

have
2£4() = m(an (Jwu ()™ i Mo m™wu() <27 (au() (™ in M.

We take the supremum over the last (n—m) codrdinates (z,41,...,2,) of points z € GN{x :

u(z) <0} =GN N on the right-hand side to obtain

mrwn(@) <27 s [(an(@) @) ] =27 6@n), v e M.
o LGN

Here ¢(xp) is the supremum of (ag(z))~!|fs(x)|™ over the region of z, and it is a measur-
able function of zy = (z1,...,,,). From ([44) it follows that both sides do not depend on
(Tm+1,---,2n) but on xgy for z € M, so the following inequality holds in the projected region

My on H:

(145)  wpglen) = det[(W)Ki’ij} — wi(z) < (%)m¢(xH)7 z€ My .

Then, defining ||f4|z by

elrs=[ [ s [lant) @) doa]

Gu (Tm41,5Tn)

(146) for z€ GNN

dleg)dry

)

L, I

and taking the integrals of both sides of (L48) over the projected region My C Gy, we obtain
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that

/ wH(ﬁH)dSIJH
(1.47) M
<

2\m 2\m 2\m
()], dwmden< ()" [ otem)dan = (1) 11415
From (L37), (L40), (T4I) and (T42), the left-hand of (47 is

/ w(xH)de:W(MH,'U):W(HvﬁH)
My

:/ dZHZ/ dZHZ/ dtzW(KH,uK),
p(H,uH) HnNp(H,u) HnNp(K,uk)

and using polar coordinates we compute the right-hand of (L48) as

(1.48)

W(KH,’LLK)

(1.49) luGzo)l m m
_ ) 1 g d o) — |[u(zo)| do(v) —_ vm - |u(zo)|
1./ draow) =L | = ey

where

(1.50) h(zg) := (i /m (q(iaéoy)))m)_l/m >0,

and vy, is the volume of m—dimensional sphere. Combining these formulae ([48]) and (T49])
with (C47), we obtain

Um - [mu(xo)|™ 2| f+ |l - (o)
2971 < 9m m < T 7 eN
- (aoyyn < 2l or o)l < SRR S o

for the region N = {z : u(z) < 0}. This is the first part of (I33]). The second inequality of
([33)) is similar if we replace f(-) by —f(+) with necessary modifications. Hence, we obtain (L34])

and complete the proof of Theorem a

1.3.3 Application of Aleksandrov’s estimate

In this subsection we consider applications of Aleksandrov estimate.

Proof of Proposition ; Let us take the solution u(-) to the Dirichlet problem in the Ball
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By(r) with center zero and radius r > 0:

L) =33 e 0) 2 _ p); we Gy Bolr),
(1.51) i=1j=1 amlaxﬂ

u(z)=0; ze{yeR": |y|=r}=0G,.
Here A®)(.) := (al(f) (-))1<i,j<n is the positive-definite matrix-valued function, which is bounded
and continuous; whereas the function f(-) : R” — R is in Co(R™) with support supp (f)
contained in the ball Bo(R). Recall that there exists a unique C?(G,) solution u(-) in the
classical sense, since the domain G, is bounded and smooth and the datum f(-) is smooth. See

[16]. Let o*)(-) be the square-root of the matrix agf)(o) . We consider the It6 process
¢
X(t) = x—i—/ o™ (X (s)dW(s), 0<t<oo,
0

where ¢*)(-) is bounded and continuous. Let P be the probability measure induced by the
above process X (-), and define the first hitting times 7, := inf{t > 0 : || X(¢)|| > r } of the ball
B(0,7) with center origin and radius 7 > 0. Since the matrix A®*)(.) is positive-definite, by the
time-change of clock of Brownian motion we obtain lim, ., 7. = co P*-a.s. By applying Itd’s

Lemma to u(X(¢)), for 0 <t < T A7, for a fixed T and by taking the expectations under the
(k)

probability measure P, ', we obtain
1 TAT,
(1.52) B0 [u(X(T A )] = ule) + BP[ [ (X)) ds].
0

Here the local martingale part has zero expectation, since u(-) has the bound (L34) of Aleksan-

drov in the region G, . Moreover, we can approximate both sides of equations by

\Egp[/o“” ds—/ £ () ds ]<E<k>[/:m|f<x<s>>|ds}

(1.53)
< s |f@) B[ - (TM)} —= 0.
x€ supp(f) e
CB(0,R)
and conclude
/ (X ds ’ < |u(x)| —|—hm1nfE(k)[|u( (T AT

(1.54)
< 2liminf sup lu(y)] < C|lfllpn@ny < o0

T™—00
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Since the support supp (f) of the continuous function f(-) is included in the ball Bo(R), f()
is bounded, and hence we can take the limit as r — oo in (L53). This (LE4) gives (L22)) in

Proposition O

1.4 Attainability

1.4.1 Hitting the Origin

In this subsection we show that the process with bounded diffusion coéfficients s(-) may visit
the origin in finite time with probability one, and hence, under the strong Markov property, the
process visits the origin infinitely often. The following construction is due to Bass & Pardoux
[9). Later we generalize their result in Proposition [[7in Section

The diffusion matrix s(-) in (L4 has a special characteristic in the allocation of its eigenvalues
so that all eigenvalues but the largest of s(-) are small. Let us write a diffusion matrix o()

which is a piecewise constant function Y., s,1g, () in each polyhedral region R, , for v =

1,...,m with U,—1R, = R™. Here the constant (n x n) matrices {s,, v =1...m} have the
decomposition

m y/
(1.55) o) := Z s, 1z, (-), 8,8, :=(y,, B,) diag (1,€%,...,¢?) .

v=1 B!

where the fixed (n x 1) vector y, € R, satisfies

2
[z, v)] >1—¢; z€R,,

(1.56) lwll =1, ———5— =
]2

and the (n x (n — 1)) matrix B, consists of (n — 1) orthonormal n—dimensional vectors or-

thogonal to each other and orthogonal to ¥, , for v = 1,...m for some m. Then

<1l; xzeR".

|z *trace (s(x)s(z)") 1< (n—1)e%+6

(1.57) x's(x)s(x) x - 1-06

This is sufficient for the process X to hit the origin in a finite time. In fact, the norm || X (-)|| of

process X (-) has the dynamics

dt

| = X(t) s(X(t) dW(t) trace (s(X(t))s’(X(t))) — p(X(1))

HXOI= =0 21X 0]
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where

x's(x)s(x)

o(x) ::W; x>0,

and W is the n—dimensional Brownian motion. Let 7(0) := inf{t > 0|||X(t)|| = 0}. Introducing
the time change A(t) = fot #(X(u))du for t > 0 and looking at the process S(t) = X(A1(t))

with the clock of inverse function A~! of A, we obtain from (L57) ;

dS(t)de(t)—l—;g((tt))dt; 0<t<oo, where
_ (trace ss’ _|lz|*trace (s(x)s(x)") (n—1)e%+6
Cft) = ( 6 1) (5() = x's(z)s(x) -1 @=S(t) = 1-6 <1

By the comparison theorem for one-dimensional stochastic differential equations, there exists a
Bessel process R(-) of dimension smaller than 2 —n with n € (0,2), such that S(¢t) < R(¢)
for t < pp, = 1inf{t > 0: S(t) < 1/nor R(t) < 1/n}, VYn > 1. Thus, the time-changed
process {S(t)} hits the origin infinitely often with probability one, and hence so does {X(¢)}.
This indicates that the process hits the origin infinitely often, although the standard Brownian
motion in dimension greater than or equal to two never does. This phenomenon happens, because
the effective number of Brownian motion used in S(t) is smaller than 2 by choosing ¢ and e
small. Note that § controls the regions R, and the diffusion coefficient s(-) together. As a
summary of the above argument, let us put the following claim about recurrence of processes.

This will be generalized in Proposition [[.7 in Section

Proposition 1.4. Under the specification of diffusion coéfficients s(-) with (LhA), (L56), the
process X (+) defined in (L4) may visit the origin infinitely often with probability one. In other
words, the origin can be recurrent for multi-dimensional diffusion under appropriate choice (L53)),

([CE8) of piecewise constant coéfficients.

1.4.2 Attainability of Submanifolds

The discussion in the previous section brings us to a more general problem of attainability of

sub-manifolds M by the diffusion X in (ILI3).

Definition 1.8. A closed set M C R"™ is called non-attainable from the initial point xy by the

process X , if we have P, (X (t) € M for some t > 0) =0.

It is known that if X is the n—dimensional standard Brownian motion, i.e., X follows (L4)
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with the coéfficient s(-) being the identity matrix for n > 2, then M = {0} is non-attainable.
Again when M is {0}, then Proposition[[ 4l says that M is attainable if the diffusion coéfficient

s(+) satisfies (L53), (LE0). Here is another interesting view on attainability.

Example 1.6 (Collision of Brownian particles). Let M = {& € R" : z; = z; = 3 } for
some 1 <i < j <k <n. Consider that each component X;(-) of the process X (-) in (LI3)
represents a tiny particle which diffuses on the real line and whose volume is negligible. The
question of attainability of this M by the process X is equivalent to that of collisions among
three Brownian particles. If M is non-attainable, then there is no triple collision among three

particles X;(-), X,;(-) and Xi(-):

(1.58) P., (Xi(t) = X;(t) = X(t) for some ¢t >0) =0.

We shall study sufficient conditions for (L58)) in Section [[L6l and in the next chapter.

1.4.3 Bounded Continuous Coéfficients

Friedman [I3] established theorems on the non-attainability of lower dimensional sub-manifolds
of R™ by non-degenerate diffusions. Assume that the coéfficients b(-) and o(-) satisfy linear
growth and Lipschitz conditions, so there exists a unique strong solution. Let M be a closed
k—dimensional C?—manifold in R", with & < n — 1. At each point z € M, let Njyi(x)
form a set of linearly independent vectors in R™ which are normal to M and z. Consider the

(n—k) x (n — k) matrix a(z) := (a;j(z)) where

@ij(w) = (A(@)Ngyi(2), Nitj(2)); 1<i,j<n—k, x €M,

and (-,-) stands for the inner product in Euclidean space.

Roughly speaking, the strong solution of (ILI3]) under linear growth and Lipschitz conditions
on the coéfficients cannot attain M, if rank (a(z)) > 2 holds for all x € M. The rank indicates
how wide the orthogonal complement of M is. If the rank is large, the manifold M is too thin
to be attained. The following fundamental Lemma[[.:21 based on the partial differential inequality
(LE9) leads to Theorem [[4

Lemma 1.2. [Friedman [I3]] Consider the process X defined in (L) with coéfficients b(-)

and o(-) satisfying linear growth condition, Lipschitz condition and uniformly elliptic condition.
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Suppose that M is a compact subset of R™, and there exists a non-negative solution u(-) €

C?(R™) of the partial differential inequality
(1.59) Au(-) < pu(’)

for some p > 0, outside but near M with imgisyz am)j0,2¢gm u(x) = oo. Then the compact

manifold M is non-attainable for X starting at xo € M.

Remark 1.2. The above Lemma can be generalized in three directions. First, it can be
shown not only for the strong solution but also for any unique weak solution. Second, for the
differentiability of u(-), if the second derivative is piecewise continuous, the conclusion still holds.
Third, if the partial differential inequality ([59) holds outside but near the manifold M, then

the conclusion still holds.

We can construct functions u(-) in (CB3) for different cases, and obtain the following Theorem

T4

Theorem 1.4. [Friedman [13]] Assume that the coéfficients b(-) and o(-) in (LIJ) satisfy linear
growth and Lipschitz conditions. If rank(a(x)) > 3 for x € M, then M is non-attainable by the
strong solution X . If rank(a(x)) > 2, and if either n — k =2 or «(z) is non-negative definite

for all x € M with |x| sufficiently small, then M is non-attainable by the strong solution X .

Remark 1.3. Ramasubramanian [48] [49] examined the recurrence and transience of projec-
tions of weak solution to ([[LI3]) for continuous diffusion coéfficient o(-), showing that any
(n—2)—dimensional C?—manifold is not hit. The integral test developed there has the integrand
similar to the effective dimension studied in Meyer and Serrin [44], as pointed out by M. Cranston
in MathSciNet Mathematical Reviews on the Web. We adopt and generalize their idea for the pro-

cess with piecewise continuous coéfficients in Section [L[.6l

1.5 Uniqueness

In this section we discuss the uniqueness of probability distribution of process X defined in (II3))
in Section [[LZ.Il When the diffusion coéfficients are bounded and continuous, and moreover, the
Cauchy problem (LI7) has a solution,the uniqueness holds as we have seen in Theorem [[2] in

Section [L2.21 Now we give partial answers to Problem [2] posed in Section [.2.2] .
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1.5.1 Nearly Constant Coéfficients

When the diffusion coéfficient o(-) is a constant matrix &, and so is the variance-covariance
matrix-valued function A(-) =&’ in R™, the martingale problem for A(-) is well-posed, since

the probability distribution of { X (¢)} defined by

(1.60) X(t) =z —I—/O o(X(s)dW(s); xo€R",

is uniquely determined by the transformation of probability distribution of Brownian motion
{W(t) }. The uniqueness of martingale problem for bounded measurable coéfficients is preserved,
if the diffusion coéfficients o(-) is close to a constant matrix. Stroock & Varadhan show the

following result.
Theorem 1.5 (Stroock & Varadhan [55] Theorem 7.1.6). Let a(-) be a bounded measurable
symmetric positive-definite matriz-valued function with

(1.61) Myll? < v'a()y < Allyll*; z,y e R™.

Suppose that there exist a constant (n x n) matriz ¢, a constant p > 1 and some C,(p, A\, A),

such that

(1.62) sup lla(@) — ¢l <72 Culp, A A); p> (n+2)/2.
z€R™

Then, the martingale problem for no-drift coéfficient and variance-covariance matriz a(-) is

well-defined. Here, the constant C,(p,\,\) depends only on n,p,\, and A, and satisfies

6Gcf
el

L.
(1.63) 6361890]

< n a)‘vA P ny
Lr([0,T]xR") — Cnlo JI£llzeqo ey
where for 0 < s <t, z,y € R",

1
(1.64) ¢, 5t,y) = (2m) /2] det (c))7/?(t —5) " exp [ - sw—2)let-9"y—2),

and for f € C§°([0,00) x R™),

T
(1.65) G&f(t,x):/ du [ Fluy)g@ (.2 uy)dy; 0<t<T.
t R
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The proof of this Theorem needs a lengthy derivation of the estimate (L63]) with relation
to the theory of singular integrals. This part is shown throughly in Appendix of Stroock &
Varadhan [55].

One-dimensional case

When the process is one-dimensional process, i.e., n = 1, we can take p =2 > (1+1)/2, the

constant Cy(2,A,A) = A/2 and obtain

2(1— A1)
. — < — - .
(1.66) sup faly) — AT € A=A = Zro T

this yields the uniqueness of the process. Thus, we can establish the uniqueness of process with
measurable bounded coéfficients for one-dimensional case.

Two-dimensional case

Now consider two-dimensional case. Define a continuous map G, from L*(R") into C,(R™) by

e Mt

27t

(1.67) (Guf) (@) = /OOO dt /R el @Of(yydy; >0, zeR?

and define another continuous map K, from L?*(R") into C,(R™) by
1 2
(1.68) (K, f) (z) = (,4_ iA) G, f(z); p>0, zeR2.

Now we observe the following estimate.

Lemma 1.3. When trace (a(x)) =2, we have

(1.69) 1K fllcz@ey < (1= X)[1fllz2ee) -
Similarly, we can show that

(1.70)

]Em/o eTMFX () dt| < CIfllrz;  f€CPRY), supp (f) C Bo(r),

for some constant C only depends on p,A\,A and r. Define a measure I'(x,B,C) :=

E*[[; 1c(X(s))ds] for B € B(Ry) and C € B(R?). It follows from (LZ0) that this mea-
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sure is absolutely continuous with respect to Lebesgue measure, and hence there exists a density

é(x,s,y) for s € [0,00) and y € R?. Using this observation, we can write

(1.71) Ex[/oooewf()((s))ds} —/Oooe“sf(y)qb(x,s,y)dyds; zeR?, 1>0.

Moreover, by Itd’s formula, we observe

B [ G )X 0)] = (Guf)@) = B[ [ (-nGut AGIS(X(s)ds] 5 1 CF@Y). >0,
and then letting ¢ T oo, we obtain

(@) = —E[ [ e G+ AG)I(X(5) s ]
(1.72) 0

- E[/Ooo e*“S(IfK#)f(X(s))ds} ,

since we have (L68]) and
pGuf(@) = (3A+1)f(); feCRRY), x B2,
Thus, combining (7T and (L72), we obtain
B[ [ e SO0 ds] = Guo (1= K,) M) f e R, e R,

This implies that the process X (-) is uniquely determined. Thus, the martingale problem for
bounded measurable a(-) is well-posed in two dimensions. As a summary, we state the following

Proposition The above proofs come from [55] and [3§].

Proposition 1.5. For a one-dimensional or two-dimensional process X the martingale problems

with bounded measurable strictly elliptic coéfficients is well-posed.

We use this result to show uniqueness of the process up to the first exit time with the piecewise

constant coéfficients in the proof of Theorem [0 in Section 5.3}

1.5.2 Piecewise Constant Coéflicients

Assume P* is a weak solution obtained in Proposition[I3]to the martingale problem for (I4]). In

this section we assume that the diffusion coéfficient is piecewise constant in each one of polyhedra
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which split the whole space R"™, as we introduced (7)) in Section Since the diffusion
coéfficient s(-) is discontinuous, the boundary behavior of the process around discontinuities
under P? is questionable, especially if the initial point x is near the boundary. In the previous
Section [L4l we observed that the process may hit such a point with probability one. The question
of uniqueness has to overcome this difficulty.

We discuss how to do this in a special case, namely, with piecewise constant coéfficients in
each polyhedral region, based on Bass & Pardoux [9]. We use properties of compact, strongly
positive, linear operators, developed by Krein & Rutman [33], which is explained in Section [[53
In Section[I.5.4] we introduce local uniqueness of process and explain how to deal with uniqueness
up to first exit times. In Section we show uniqueness in Theorem as an application of

Krein-Rutman theorem for a strongly positive linear operator.

An invariant linear operator on a cone

Let us see how we encounter such a linear operator in this section. Define a probability measure
P* induced from a process X under P* killed when it hits the origin at the first time. Assume
temporarily that P* is uniquely determined. We can verify its uniqueness later as in the case
of piecewise constant coéfficients defined in (7)) in Theorem Let S be the unit sphere
S :={z € R"|||z| = 1}. In order to look at the uniqueness of process, we embed a Markov

chain { X(r(k))/k; k > 1} on S with transition probability density

Qlz, dy) :=P*(X(r(2))/2€ dy; 7(2) <7(0)); z,y€S,

where 7(r) :=inf{t > 0] || X (¢)|| <r} for r € Ry . Assume (for simplicity) the diffusion matrix
function A() := o(-)o’(-) = (aij(+))1<ij<n is constant on the cones, i.e., A(x) = A(||z| ')
for x € R™. For fixed r > 0 define Y (t) := X(¢)/r and Z(t) := X(r~2t). By applying Itd’s
formula to f(Y(-)) and f(Z(-)) with f € C?*(R"), we obtain two processes M(-), N(-) defined

M) = S 0) = 100) =5 [ 5 D a5 (Y () ds.

’

N(0) = £(20) = $200) = 5 [ 55 Sy o) g A (2000 d.
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which are PY— martingale and P?—martingales for y,z € R™, respectively. The probability
distribution of {Y(t)} under P* and the probability distribution of { Z(t)} under P*/" solve
the same martingale problem up to time 7(0). Then, by the uniqueness of the process under
P” | the processes Y (-) under P* and Z(-) under P®/" have the same probability distribution

if x # 0. Since hitting distributions are invariant under time changes, we obtain

Q(a/lz|, dy) =P/ 1"I(X(r(2)/2 € dy) =P"/I"|(Z(r(2))/2 € dy) = P*(Y(7(2))/2 € dy)

=P(X(7(2))/(2r) € dy) = P*(X(7(2))/(2r) € dy; 7(2) <7(0)); 7= |a].

By the strong Markov property, we repeat the above computation and obtain
Q" (z/|z], dy) =P*(X(r(2"r))/(2"r) € dy;7(2"r) < 7(0)); neN.

Thus, the transition density function Q(-,dy) has this scale property. We want to know the
behavior of Q™(-,dy) for n € N to determine the behavior of { X (¢)} around the origin, as we
will see it later in Section

The transition probability density Q(x,dy) can be seen as a nice positive linear operator on

the space S of functions on S = {x € R" : ||z|| =1} by defining

(1.73) Qf(x) = /S Qa.dy)f(y); ze€R",

for non-nagative measurable functions f on S. Note that if f > 0, then @ f > 0. This means
that the operator @) leaves a cone K := {f : R" — [0,00)} invariant, i.e., QK C K. The
operator () satisfies (a) compactness and (b) strong positivity which will be shown in (I.89) and
(C9I). Krein & Rutman [33] studied linear operators leaving invariant a cone in a Banach space.

They characterized such positive compact operators on invariant cones.

1.5.3 Krein-Rutman Theory

Definition 1.9 (Compact operators). Let E be a linear normed space. A linear operator
Q : E — FE is said to be compact or completely continuous, if it maps each bounded set into a

compact set.
Here is a list of well-known properties of compact operators @ .

e The spectrum of a completely continuous operator consists of zero and of the set of all its
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eigenvalues. The set of eigenvalues is countable, bounded and has no cluster points except

Zero.

e The whole spectrum of the operator is contained in the circle with centre at the point zero

and radius

: Q" f oo\ /7
1.74 R:= lim (sup —F—F177+— .
. Jm (e )

Here R is equal to the largest of the moduli of the eigenvalues of the operator Q.

e The resolvent operator Ry := (Q — M )~! can be expanded in a neighborhood of every

nonzero eigenvalue g :

(1.75) Ry=(Q-AD""= Y (A=X)Ty,

where {Fj ,j > —m} are linear operators for some m > 1.

e The nonzero eigenvalue A of the operator @ : £ — FE is said to have rank p, if there

exists a subspace G of E, invariant with respect to @, such that

(1.76) (@—=2D)Pf=0, (@—XD)'f#0; q<p, fEG.

Every nonzero eigenvalue has finite rank.

e If @ is completely continuous, then so is its conjugate operator Q*. Each eigenvalue has

one and the same rank.

e The eigenvalue A\g of the operator @ has rank p =1 if and only if

(1.77) Qe — Ao =0, QY—A=0

have no trivial solutions orthogonal to each other.

Definition 1.10 (Cone). A closed semigroup K of a linear normed space E is called a cone if

it satisfies the following conditions:
o if fe K, then \f € K for A >0,

o if fige K,then f+g€ K,
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o if f(£0)€ K,then —f ¢ K.
Let us write E* for the conjugate space, consisting of all linear functional of FE .

Definition 1.11 (Conjugate cone). Let K be a cone. A subset K* of linear functionals ® € E*

on the normed linear space FE, such that ®(f) >0 for f € K, is called a conjugate cone.

Definition 1.12 (Invariant operator). A linear operator @ is said to leave a cone K invariant,

if QK C K.

Definition 1.13 (Conjugate operator). A linear operator Q* on the conjugate space E* is said

to be conjugate of linear operator @, if Q* ®(f) := ®(Qf) for f € E and ® € E*.

Lemma 1.4 ([33]). If a compact operator Q leaving invariant a cone K has a point spectrum
different from zero, then it has a positive eigenvalue p mnot less in modulus than every other

eigenvalue, and there exist a function ¢ and a functional ® such that

(1.78) Qo=pp, QP=pd.

As a corollary of Lemma [[.4] we obtain the following.

Lemma 1.5 ([33]). Let Q be a compact operator with QK C K. Assume that there exist
f €K with|f] =1, ¢ >0 and £ € N, such that Q° f > cf element-wise. Then, Q has
nonzero eigenvalues. Among those of maximal modulus, there is a positive value p > 0 not less

than ¢/t such that

(1.79) Qo=pd, Q2=p2.

Definition 1.14 (Strongly positive operator). A linear operator QK C K is called strongly
positive with respect to K with interior, if for each f(# 0) € K, there is a my € N such that
Q™ fekK.

Lemma 1.6 ([33]). A strongly positive operator @ satisfies the conditions of the above Lemma

LAl

Lemma 1.7 ([33]). Suppose that QK C K and that there exist p > 0 and f € K, such that
Qf =pf. Then, p~tQ%g lies at a positive distance from the frontier of K for g € K and
{eNy.
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Lemma 1.8 ([33]). Suppose that Q is a compact strongly positive operator with respect to a

cone K with interior. Then,

1. Q has a unique eigenfunction f € K with ||f|| =1 for largest eignevalue p in modulus,

e, Qf=pf;and

2. the conjugate operator @Q* has unique strongly positive eigenfunctional ® € K*, i.e.,

Q*P=pd.
Conversely, if a compact operator Q) has the above properties[d, [3, then it is strongly positive.

Proof. 1t follows from Lemmata and that there exist an eigenvalue p > 0 of maximal
modulus, an eigenfunction f € K and ® € K* such that Qf =pf, Q*® = p®. Note that
fe IO{ because there exists my such that Q™7 f = X7 f € Io( or f=X"T"rQM f € IO(
Similarly, we obtain ® > 0. In fact, ®(f) = p~™(Q*™ ®)(f) = p~ "™ ®(Q™/ f) > 0 for some
my.

Suppose now that (Q — pI)™o~1fy # 0 and (Q — pl)™f fo = 0, for some fy € IO( and
myg, € N. Then, Q(Q — pI)™0~fy = p(Q — pI)™0~1 fy. This means that (Q — pI)™o~! fy
is another eigenfunction with respect to the eigenvalue p. But then, the linear combination
gr = tf+ (1 —=t)(Q — pl)™o~tfy, t € R, of two eigenfunctions is also eigenfunction with
respect to p, and it can be on the frontier of cone K with appropriate choice of parameter ¢,
if the eigenfunctions f and (Q — pI)™fo~! fy are not collinear. This is a contradiction to the
argument in the previous paragraph that the set of all eigenfunctions of ) with respect to p),
which especially includes such g; € K\ IO{, is inside of K. Thus, f and (Q — pI)™f0~! fy are

collinear, i.e., ¢ f = (Q — pI)™0~! fy for some constant ¢ # 0. But then, if mg, > 2, then
(1.80) c®(f) = ®(cf) =2(Q—pl)™ " fo) = (Q* — pI)™ o~ ®(fy) =0,

which is impossible for ¢ # 0. Therefore, my =1 or p is a simple eigenvalue.

Assume that there exists an eigenvector f; € K for smaller eigenvalue p; with |p1] < p,
ie, Qfi = p1fi. Then, p= ¢ Q" fi = (p1/p)' fu P~ 0, which is a contradiction to Lemma
[L7 Thus, @ cannot have any eigenvalue smaller than p in modulus with eigenfunction lying
in K. Since p is the maximum eigenvalue in modulus, f is the only eigenfunction lying in K .
Similarly, we can show that ® > 0 is the only eigenfunctional in K*.

Suppose now that Q fo = po fo where py = pe® with |[pg| = p, 0 < 0 < 27 and fy =
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f1+ifs € E. Then,we choose some constants ¢; and co so that f+c1f1 +cafs € K\ IO( and
p QNS + erfi+ cafa) = f+ (c1cos(€) + cysin(£0)) f1 + (—ecy sin(£0) + ¢ cos(0)) fo; €N,

and Q™ f € K for some my. However, if we choose a subsequence my < £(k) T oo for k> 1

such that ¢“®? — 1 then we obtain

k—oo
khm p B QUM (Fteifiteafo)=f+efitefe K\K,

which is a contradiction to Lemma [[L7l Thus, p is the largest eigenvalue in modulus.
If Qg=Ag with A # p, then AP(g) = ®(Qg) = Q*P(g) = pP(g) implies P(g) = 0, since
A # p. Let us define Q1 := @Q — p¢p®. Then, @1 has the same eigenvalue as @ :

Qig=Qg—pdP(g) =Qg=Ag.

Conversely, if Q19 = \g, then we obtain:

AQ(g) = @(Q19) =2(Qg—pd®(g9) = 2(Qg) — p(P(g)) = Q" P(9) — pP(9) =0.

and then Q19=Qg—poP(g) =cpod—pdP(cg) =0. The eigenvalues of the operator @ lie

in the interior of the circle |A| < p, i.e.,
(1.81) im Q7M™ = p1 < p.
Since ®(Q1 f) =0, we obtain Q™ f = p" ®(f) o+ QT f and

(1.82) lim_[p~" Q™ f — ®(f) ¢| < p~™"|QT'] |¢] = 0.

m—0o0

If f€ K,then ®(f) >0 and ®(f)¢ > 0. For sufficiently large ¢, we obtain p’Q‘f > 0 and

Q' f > 0. Therefore, @ is strongly positive. O
With the same argument as in the last part of the above proof, we obtain the following

Theorem 1.6 (Krein & Rutman[33]). For strongly positive compact operator Q on the invariant

cone, there exist a largest eigenvalue p € (0,00), a corresponding strictly positive continuous
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eigenfunction ¢(-), a strictly positive continuous functional ® : C(S) — R, and an operator

Q1, such that Q ¢(x) = pP(x) for x € R™ and ;

(a) The radius of Q1 is strictly smaller than p, i.e.,

4 1/¢
(1.83) lim sup (sup M) <p;
oo Nfz0 |[flloo

(b) Decomposition of Q

(1.84) Qf(x) =p@(f)o(x) + Qif(z); [feC(5),xz€S;

and hence,

(¢) Q'f(x)=p'®(f) p(x)+ QL f(x) for LeN.

1.5.4 Uniqueness up to the Exit Time

The following Theorem [[7] plays an essential role in showing uniqueness. Using this Theorem

[[7 we can make the (global) uniqueness problem into local uniqueness problems.

Theorem 1.7 (Stroock & Varadhan[55] Theorem 6.6.1). Suppose that for each xy € R™ there
is an open ball B,(xg), containing xo for some r >0, such that the solution to the martingale
problem for the drift coéfficients b.,(-) and variance-covariance az,(-) 1is unique, and b(-) =

byo () and a(-) = ag,(-) in By(xo). Then, the martingale problem for b(-) and a(-) is unique.

Let us go back to the martingale problem for piecewise constant coéfficients. The difficulty is
caused by the discontinuity of coéfficients at the boundaries of polyhedra. We split the problem
into three cases, namely, (i) xg is inside of a polyhedron, (ii) z( is a nonvertex boundary point,
i.e., there exists an integer n1(< n) and a codrdinate system for a neighborhood of xg such that
a(z) depends only on the first nj—coordinates of x for x in the neighborhood. (iii) zo is a
vertex boundary point, i.e., there are no such n; and coordinate system but x( is in a boundary
of the polyhedron.

Let us start with the first case (i) z¢ is inside of a polyhedron.

Theorem 1.8 (Bass and Pardoux [9]). Suppose that xq is in the interior of a polyhedron. The

martingale problem up to the exit time of neighborhood of xo has a unique solution.
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Proof. Since the initial point z¢ of X := {X(¢) : 0 <t < oo} is in the interior of a polyhedron,
the variance covariance function A(-) = o(-)o(-)’ is positive-definite constant matrix Ain a
neighborhood of zy. Let & be the square-roof of A. Then, ¢~ 'X(t) is an n—dimensional

Brownian motion and it determines the probability distribution of X (:) uniquely. O

Using the same idea of the above proof and the following Lemmata [[9 and [LT0, we obtain

Theorem [[9l for the case (ii) z( is a nonvertex boundary point.

Lemma 1.9. Suppose that the solution P to the martingale problem for no-drift coéfficients

and (ny X my)—variance-covariance function ai(-) starting at yo s unique. Let us define

(1.85) as() == :

where I, is (ne X ng) identity matriz. Then, the solution to the martingale problem P2 for
no-drift coéfficients and variance-covariance function as(-) starting at (yo,zo) is unique, and
moreover, the first ny coérdinate process Y corresponding to a1(-) and the second ny coérdinate

process Z corresponding to I, are independent.

Lemma 1.10 ([9]). Suppose that the variance-covariance function a(x) depends only on the

first n1 coordinates of x € R™, and it can be written as
(1.86) a(-) = ;

where D(+) is (n1 X n1) matriz-valued function. Assume that the martingale problem for D(-)
starting at yo has the unique solution. Then, the solution to the martingale problem starting

from , (yo , z0) is unique for zy € R(r=—m)x(n=n1),

Theorem 1.9 ([9]). Suppose that xo is a nonvertex boundary point. The martingale problem
for piecewise constant diffusion coéfficient in each polyhedron, up to the first exit time from the

neighborhood of o, has a unique solution.

Proof. Tt follows from Proposition [[L5]in Section [[L5.1] that uniqueness holds for one-dimensional
and two-dimensional process. So suppose that the induction hypothesis is true for the dimensions
1,2,...,n— 1, and we shall show for the dimension n. Since x( is a nonvertex point, we can

find a codrdinate system so that the variance covariance function a(z) is a function of only the
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first n1(< n—1) codrdinates of . Let us denote by D(-) the first (n; X ny) submatrix of a(-).
By the induction hypothesis, the martingale problem for the variance covariance function D(-)
is unique, and hence applying Lemma [[L.I0] we obtain the uniqueness of the martingale problem

for a(-) starting at nonvertex point xg, up to exit time of neighborhood of z( is well-posed. [

1.5.5 An application of Krein-Rutman Theorem

In this section using Theorem[L.Glin the previous Section[[[5.3] we show uniqueness of process with
piecewise constant coéfficeints defined by (L), when the initial point zy is a vertex boundary
point. In order to apply Theorem we want to show that the operator @ in (LT73)) is compact
and strongly positive.

First, we verify that the operator @ is compact. A key result is the following Theorem [L10]
by Krylov & Safonov [37].

Theorem 1.10 (Krylov & Safonov [37]). Let ¢(0,1) be an n—dimensional open cube centered
0 € R™ of side length 1. Let T be the first exit time of the process X(-) from an open set B.
There exists a nondecreasing function ¢ : (0,1)™ — (0,1)™ such that if B C ¢(0,1), Leb(B) >0,
and x € c(0,1), then P*(1p < T.0,1)) > ¢(Leb(B)) .

Moreover, suppose that a measurable function h(-) is bounded in ¢(0,1). Assume that
{R(X(t ATe0,1)), 0 <t < oo} is a martingale. Then, h(-) is Hélder continuous, i.e., there

exist constants § >0, K >0 not depending on h(-), such that
(1.87) h(z) = h(y)| < K |hlloo 2 —yl”; @,y €c(0,1).

Note that the above Theorem [[.I0] can be applied not only for the cube ¢(0,1) but also the
sphere S = {z € R™ : ||z|| = 1}. Take a function f(-) on S with ||f|| < 1. Suppose that
xg € S and define o := inf{t > 0 : X(t) € 9B,,(1/2) }. Recall that by the strong Markov

property we can write
(1.88) Qf(@) =E*EXV[f(X(r(2))/2)]]; ze€S.
By Theorem [[LT0, there exist K > 0 and 8 > 0 independent of f(-) such that

(1.89) 1Qf(2)—QfW | <K|IQfllz—y|’ <K|z—y|’; z,yeS.
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Thus, @ f(+) is uniformly continuous with a modulus of continuity independent of f(-). Note
that we have used ||Qf]| < 1. By the Ascoli-Arzela theorem, @ is compact.

Second, we verify that the operator @ is strongly positive. Take a continuous function f(-)
in S with f(-) > 0 but not identically zero. Since, f(-) is continuous, there exists a y, ¢ >0
and § € (0,1/2) such that f(z) > ¢ whenever |y — z| < §. Define a continuous function
Y(t) = (1) Lio<e<1y + tylii<i<sy where ¢ : [0,1] — S is continuous with ¢(0) = = and

¢(1) = y. Now we apply the following support theorem.
Theorem 1.11 (Stroock & Varadhan [55] [56]). Given any solution P*® to the martingale
problem, any positive numbers € >0, T >0 and a continuous functions () € C(R),

(1.90) P s X0~ [wyas|><) <1.

0<t<T

The support of P coincides with the class of continuous functions starting at xo in the sense

of (D).

With the application of Theorem [[.11] we obtain

(191)  Q f(x) > E*(f(X(7(2)) /2) 1{jx(r(2))/2-yll<8}) = ¢P"( sup [[X(s) — ()] < 8) > 0.

0<s<t

This implies that the operator @ is strongly positive.
As an application of Krein and Rutman’s Theorem [[L6] we obtain that for any sequence {vy}

of probability measure on S and for functions fg on § with f, g Z0.

k(de) + [ QY f (@)vi(dw) — D(f)

QM @mldr) ) [
(o2 = o(do) 1[5 Qrg(@)m(dr)  B(g)’

) [ &
k—oo [ QFg(x)vp(dz) k=00 pF®(g) [4 d(x

1%
1%
because
o [ Qb f@m (@) < p @kl 0.
S k—oo
Let 7(r) := inf{t > 0 : X(¢t) € Bo(r)}, and fix M > 2. It is sufficient for the proof of

uniqueness of process X () to show the uniqueness of resolvent operator Rg, defined by

T(M)
(1.93) (Ryh)(x) = IE“”/O e PH(X () dt; zeR"
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for R € > 0, and any bounded measurable h(-). In particular, for § =0,

(1.94) sup |(Roh)(z)| < sup EZ[r(M)]- sup |h(z)] <cM? sup |h(z)|.
lzll<M llzll<M llzll<M llzll <M

This is because, for ||z|| < M, by Ito’s formula

E®(r(M)) = lim E*(r(M)Vt) < %( lim E*| X (r(M) V t)|* 4+ 2%) < c M?,

t—o0 t—oo

for some constant ¢ > 0 and the lower bound A of the eigenvalues of the matrix function
A() = o()o(-)’. Thus, Ry is a bounded operator on the set of bounded functions whose
support lies in the ball of radius M . Then for the uniqueness of the process it suffices to show

the uniqueness of Ry :
_ T _
(1.95) (Roh)(z) = E° [/O h(X (1)) dt} +P7(r(0) < T(M)) - I(R),

where

h(X(t))dt} .

We discussed the uniqueness of P* for interior points or nonvertex boundary points x in Section
[L54] so now we examine uniqueness of I(h). Since the process X(-) cannot stay at the origin
on a set of positive Lebesgue measure, it suffices to show uniqueness of I(h) for which h()
vanishes in a neighborhood of the origin. As in the derivation of (I.92]), we obtain the following

result.

Lemma 1.11 ([9]). For any bounded measurable function h : R™ — R that is zero in a neigh-
borhood of the origin, the value I1(h) depends only on h and {P®,z # 0}.

(1.96) I(h) = lim Jo Q% f(@)vi(d ) _ o) — e(f.q).

koo [¢ QFg(x)v(dz)  2(g)

where f: S+— R and g: S+— R are defined by
~ (M) -
f(z) :=E°® [/ h(X (1)) dt} , g(z) =P(r(0) > T(M)); z€R™, 0<d<1,
0

and the probability distribution vy (-) is defined by vy (dx) := PO(X(7(27%9)) € dx) .

Finally, we are in a position to state the following result.
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Theorem 1.12 (Bass and Pardoux [9]). If P* is uniquely determined and a(z) = a(|z|~'z),

then for x € R™ | there is at most one solution P* to the martingale problem starting at x .

Proof. 1t suffices to consider initial point xy which is a vertex boundary point. By a change
of codrdinate systems, we may assume xzg = 0. The variance-covariance function A(:) can
be written as A(z) = A(ex /|jz||) if ||z]| < . Then, if we define A(-) := A(ex/|z|), then
A(z) = Az / ||z|)) . Thus, the variance-covariance function becomes an applicable form of Lemma

[[LI1l Therefore, the uniqueness for P* is obtained. O

1.6 Triple Collisions

In this section we consider

Pu, (X;(t) = X;(t) = Xi(t) for somet>0)=0 or
(1.97)
Pmo (Xz(t) = Xj(t) = Xk(t) for some t Z 0) = 1; o € R™

for some 1 < i < j < k < n. Put differently, we study conditions on their drift and diffusion
coéfficients, under which three Brownian particles moving on the real line can collide at the same
time, and conditions under which such “triple collisions” never occur. Propositions and [[7]

below provide partial answers to these questions.

1.6.1 The Setting

Consider the stochastic integral equation (ILI3]) with bounded measurable drift b(-) and bounded

piecewise continuous diffusion coéfficient

m

(1.98) o()=>_o()1g,()

v=1

m

for some partitions R, with U R, = R", and assume that the matrix-valued functions o, (-),

v =1,...,m are uniformly positive-definite. Then, the inverse c~(-) of the diffusion coéfficient
o(-) exists in the sense o~ !(-) = > 0, (-)1r, . As usual, a weak solution of this equation
consists of a probability space (2, F,P); a filtration {F;, 0 < ¢ < oo} of sub-o-fields of F which
satisfies the usual conditions of right-continuity and augmentation by the P—negligible sets in

F; and two adapted, n-dimensional processes on this space X (), W (-) on this space, such that

W (-) is Brownian motion and ([LI3]) is satisfied P—almost surely. The concept of uniqueness
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associated with this notion of solvability, is that of uniqueness in distribution for the process

X().

1.6.2 Removal of Drift

We start by observing that the piecewise continuous drift has some effects on the probabilities

(97)). In fact, define an n—dimensional process £(-) by

By the nature of the functions b(-) and o(-) in , the mapping t — £(t) is right-continuous or left-
continuous on each boundary R, x(;)) at time ¢, deterministically, according to the position
Rp(x(t—y) of X(t—). Then, although the sample path of n-dimensional process £(-) is not entirely
right-continuous or left-continuous, it is progressively measurable. Moreover, &(+) is bounded, so

the exponential process

w9 a0 =ew |- [.aw) -] [le@Pa]: 0si<n

is a continuous martingale, where ||z||%:= > i1 23, x € R™ stands for n-dimensional Euclidean

norm and the bracket (x,y) := Z?Zl x;y; is the inner product of two vectors z,y € R". By
Girsanov’s theorem

W(t) :=W(t) + /Ota_l(X(u))b(X(u))du, Fi; 0<t<oo

is an n-dimensional standard Brownian motion under the new probability measure Q, locally

equivalent to P, that satisfies
(1.100) Quo (C) =EF=0 (n(T)1c); Ce€Fr, 0<T < oo.
Let us define an increasing family

Cr = {X;(t) = X,(t) = Xi(t), forsomete[0,T]}; T >0
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of events. If we knew
(1.101) Qa0 (X;(t) = X;(t) = Xi(t) for some t > 0) =0,
then we would obtain 0 = Qg (Cy) = P, (Cy) for £ > 1, and so

Py, (X;(t) = X, (t) = Xy (t) for some t > 0) = P, (U2, Cy)
(1.102)
= Jim P, (Cr) = 0.

Thus, in order to evaluate the probability of absence of triple collision in (T.97), let us consider

the case of b(-) = 0 in ([I3), namely
t —

(1.103) X(t) = xo—|—/ o(X(s))dW(s), 0<t<o0.
0

under the new probability measure Q,,. The infinitesimal generator A of this process, defined

on the space C2(R™;R) of twice continuously differentiable functions ¢ : R® — R, is given as

_ IS 0 . 2(mn.
(1.104) Ap(w) = 5;1 ain(2) go—le@)]s @ € C2R™R),
where
(1.105) aik(z) = Zaij(x) oki(z), Ax):= {aij(x)}lgi,jgn ;. zeR"™
j=1

Here o;;(-) is the (¢, 7)-th element of the matrix-valued function o(-) for 1 < 4,j < n. By the
assumption of uniform positive-definiteness on the matrices {c,}(:), v =1,--- ;m in (98], the
operator A is uniformly elliptic. As is well known, existence (respectively, uniqueness) of a weak
solution to the stochastic integral equation (LI03)), is equivalent to the solvability (respectively,

well-posedness) of the martingale problem associated with the operator A.

1.6.3 Comparison with Bessel processes

Without loss of generality we start from the case i = 1, j = 2, k = 3 in (L97). Let us define

(n x 1) vectors dy, da, ds to extract the information of the diffusion matrix o(-) on (X1, X2, X3),



48
namely
dl = (17_1a07 e 70)/7 d2 = (07 17_170a e 70)/7 d3 = (_1507170a e 70)l7

where the superscript / stands for transposition. Define the (n x 3)-matrix D = (d;, da, d3) for

notational simplicity. The cases we consider in (L97)) for i =1, j = 2, k = 3 are equivalent to

P, <52(X(t)) =0, for somet > O) =0 and

~
8
IS
/N
v
N
>
—
o~
N
=
I

0, forsometEO)zl; x9 € R™,

where the continuous function s? : R® — R defined as

s2(z) == (z1 — 22)% + (22 — 23)2 + (z3 — x1)?
(1.106)

= d\za'dy + dyxa'ds + dyxa’ds = 2’ DD'x; x € R

measures the sum of squared distances for the three particles we are interested in. Thus, it
suffices to study the behavior of the continuous, non-negative process {s?(X(t));0 < t < oo}

around its zero set
(1.107) Z:={z eR":s(z) =0}.

Let us define the following positive, piecewise continuous functions Q(-), R (-) computed

from the variance-covariance matrix A(:) = o(-)o(-)":

trace(D'A(z)D) - 2'DD'z _ trace(D"A(z)D)
(0) - _
(1 108) i (x) ‘ x/DD/A(l')DD/x Q(Jj) 5 where
. l‘/DD/A(x)DD’x
= . R"\ Z.
Q) ’DD'x ’ r e \

Under the new probability measure Q,, of (II00) the process s(X(-)) is a semimartingale
with decomposition ds(X(t)) = h(9 (X (t))dt + dO(t), where

1 3 3 2
h(o)(z) = W (sQ(x) Zd;o(x)a(z)’di — H Zcr(as)'did;x ’ >

(1.109) _ @'DD'x - trace (D'A(x)D) —2'DD"A(z)DD'x
B 2(a' DD'x)3/?
(R(z) —1)Q(x)

= : R™*"\ Z
2s(x) » TE \Z,
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3

o) = [ (S CEOGEXE) i
o = [ <§_; ReiC) )dwm,

&)(t) = /f +'DD'A(z)DD'x
0

(et z'DD’'x

t
dT:/Q(X(T))dT; 0<t<oo.
=X (1) 0

respectively.

Now define the stopping time A, :=inf{t > 0:(©) (t) > u}, and note that we have
A _
s(u) == s(X(Ay)) = s(xo) +/ AO(X (t))dt + B(u); 0<u< oo,
0

where B(u) := O(A,), 0 < u < oo is a standard Brownian motion, by the Dambis-Dubins-

Schwartz theorem of time-change for martingales. Thus, with d(u) := R (X(A,)) we can

write
(1.110) ds(u) = %eré(u); 0<u<oo,
because
0) ,_ [ROX(A) — QX (Aw) 1 _ ow) -1
WX AD) A 2 5(X(A) QX)) ~ 2s(0)

The dynamics of the process s(-) are therefore comparable to those of the §—dimensional Bessel
process, namely
0—1 ~
d =——d dB(u); 0<u<oo.
t(u) 3 () u+dB(u) <u< oo
By a comparison argument similar to Tkeda & Watanabe [24] and Exercise 5.2.19 of Karatzas &

Shreve [29], we obtain the following result.

Lemma 1.12. Suppose that ©o € R*\ Z. If 0 = essinfinfo<icoo 0(t) > 2, then
(1.111) Qu,(5(t) >0, forsomet>0)=0.
If 0 := essupsupp<y o, 0(t) < 2, then

(1.112) Quo(5(t) =0, forsomet>0)=1;
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and we have the following estimate
(1.113) Qauo (8(t) =0, for some t € [0,T]) > 1 — k(T ;s(x0),d)

where k(-;y,0) is the tail probability of hitting-time distribution of Bessel process with dimension

0 € (0,2) starting at y >0 :

1.114 T;y,0) = ! —y2 ’ y2d 0<T <00 0
A1 ; : T2F dt; < )
( ) &(T'5y,6) / tF(5)<2t)e t; <1 <oo, y>

Proof of Lemma[LI3 From the assumption zy € R™\ Z where the zero set Z is defined
in (LIO7), it follows that s(0) = s(X(Ap)) > 0 and there exists an integer mq such that
my* < s(0) < mg.

Let us consider the case 0 := essupsupg<;.., 9(t) < 2 for (LII2). Define two continuous
functions by (z) := (0 —1)/(2z) and ba(z) :=0/(4z) for z € (0,00). If 0 < 2, then bi(-) <
ba(+) in (0,00). For each integer m(> myg), there exists a non-increasing Lipschitz continuous
function fp,(-) := (b1(-) + b2(+)) /2 with Lipschitz coéfficient K, := max,¢p,—1,,)|05 ()], such
that by (+) < fin (1) < bo(-) in [m~1,m].

Now take a strictly decreasing sequence {a,}52, C (0,1] with ap =1, lim, e a, =0 and
f(an,anfl) u=?du =n for every n > 1. For each n > 1, there exists a continuous function p,(-)
on R with support in (an,a,—_1), so that 0 < p,(z) < 2(nz?)~! holds for every z > 0 and
f(an,an_l) pn(z)dz = 1. Then the function ¢, (x) := le‘ J pn(u)dudy; = € R is even and
twice continuous differentiable with |¢],(z)] < 1 and limy, e ¥n(x) = |z| for © € R. Define
On() = p(x) - Lo,00)(z); 2ER, n>1.

Recall that with R (X(A.)) =0(-) and s(X(A.)) =s(-) we obtained (LII0):

5(t):5(0)+/0t0(u)(1du+§(t); 0<t< .

2s(u)

Define an auxiliary Bessel process t(-) with dimension (0 +2)/2 (< 2) starting at s(0):

(1.115) t(t) :==s(0) + /t bo(t(w))du 4+ B(t); 0<t< oo.
0



o1

Consider also the increasing sequence of stopping times

Ty := inf{t > 0 : max[s(¢), ()] > m or min[s(t),t(t)] <m~'}

for myg < m < oo, and 7 := inf{t > 0 : v(t) = 0}. By the property of the Bessel process
with dimension strictly less than 2, the Bessel process t(-) attains the origin within finite time:
7 < 00 holds a.s.

By combining the properties of ¢, (:), b1(-),b2() and f,,,(+), we can verify that the difference

A. :=s(-) —t(-) is a continuous process which satisfies

t
on(80) < [ (8) (ba(s(u) = balo(u) du
0
t ¢
< [ 08 (o) = fu(s(w)) du < / P (D) Kon(s(u) — e(u)* du
0
< K, / WWidu; 0<t <7,
Letting n — oo we obtain (A;)"T < K, fo w)Tdu for 0 <t <7, . Since the difference A.
has continuous paths a.s., the Gronwall inequality gives A. <0 in [0,7,,] a.s. for m > my.

Now by the construction of the stopping times {7,,} and 7 we obtain 7 := lim;; e T <

T < 00. From the continuity of sample paths of s(-),¢(-) in [0,00), it follows that

(1.116) $(7) =lims(t) < lime(t) =¢(7) and max[s(7),t(T)] < 0o a.s.

t—T t—T

If 5(7) > 0, then by the definition of {7,,} we obtain a contradiction 0 = v(7) > (7). Therefore,

5(7) =0 and s(t) <t(t) for 0 <t < 7. Therefore, for 0 = essup supg<; ., 9(t) < 2 we conclude
Quo (8(X(t)) =0 for some t > 0) = Qg (s(t) =0 for some t >0) =
By the strong Markov property of the process X (-) under Q, we obtain
1=Qqu(s(X(t) =0 io0.)=Qu(s(t)=0 io. ).

This gives (ILI12)) of Lemma [[.T2l Moreover, by the formula of the first hitting-time probability

density function for the Bessel process with dimension d in Elworthy et al. [I1] and Gding-
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Jaeschke & Yor [17] we obtain

Quo(s(t) =0, for some t € (0,77)

> Qqy (t(t) =0, for some t € (0,7]) =1 — x(T;s(x0),0)

where the tail probability distribution function x(-;-,-) is defined in (IIT4). This gives (LII3)
of Lemma

Next consider the case of d := essinfinfo<i<oo 9(t) > 2. Define b3(z) := (0 — 1) /(22) and
ba(z) = 0 /(4z) for = € (0,00). We follow the similar course as in the previous case, using
b3(-),bs(-) and defining a non-increasing Lipschitz continuous function g, () := (b3(-)+b4(-)) /2
with Lipschitz coéfficient L,, := max,¢[m-1,m]|b3(z)|, rather than using b1(-),b2(-), fim(-) and
K,, . Thus, we obtain the reverse inequality t(-) < s(-) in [0, 7] a.s. where t(-) in (CIIH) is
now redefined as the Bessel process with dimension (9 +2) /2 (> 2) starting at s(0):

t(t):5(0)—|—/0tb4(t(u))du +B(t); 0<t<oo.

By the path property of Bessel process of dimension greater than or equal to 2, the process t(-)
never attains the origin a.s. , i.e., t(-) > 0 in [0,00).

If 7 = limy—ooTm < 00, then like (III6) but now we obtain s(7) > ¢(7) > 0 and
max[s(7) ,t(7T)] < oo a.s. From the construction of {7,,} a contradiction follows: 0 =s(7) > 0.
Therefore, Q,,(s(t) >0 for 0 <t < oo)=1. This gives (I.ITI)) of Lemma for the case of
0>2. O

The tail probability (LII4) decreases to zero, as T — 00, in the order of 77° . Combining this
lemma and the results from Section [[6.2 with the definition 2(-) = R(®)(X(A.)), we immediately

obtain the following Proposition 1.

Proposition 1.6. Suppose that the matrices o,(-), v = 1,--- ,m in [[LI98) are uniformly
bounded and positive-definite, and satisfy the following condition for R©®)(-) in (LI0N) :

1.11 inf RO(z)>2:
(1.117) ol () > 2;
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Then for the weak solution X (-) to (LI03) starting at any xo € R™\ Z, we have
Qu, (Xl(t) = Xo(t) = X3(t), for some ¢ > O) =0.

Reasoning as in (LIO)-(CI02) for the weak solution X(-) to (LIJ) starting at zo € R\ Z,

we obtain
(1.118) Py, (X1(t) = Xo(t) = X3(t), for somet>0) =0.

A class of examples satisfying ([.IT7) is given in Remarks [[5HL6]

On the other hand, regarding the presence of triple collisions we have the following.

Proposition 1.7. Suppose that the matrices o,(:), v = 1,--- ,m in [LI8) are uniformly

bounded and positive-definite, and

(1.119) sup RO (z) <2.
zERM\Z

Then the weak solution X (-) to (LI03) starting at any xo € R™ satisfies

Qu, (Xl(t) = Xo(t) = X3(t), for some t > O) =1.

Moreover, if sup,epn\ z R(v) <2 where

[trace(D'A(z)D) + 22’ DD’ p(z)] - 2’ DDz .

(1.120) R(x) := VDD A(x)DD'x ; zeRM\Z

is a modification of R (-) in (LI0K), then

(1.121) Py, (X1 (t) = Xo(t) = X3(t), for some t >0) = 1,

and we have an estimate similar to (LI13)) :

(1.122) Pa, (X1 (t) = Xa(t) = X35(t), for some ¢t € [0,T]) > 1 — (T ;5(x0), o)

where the distance function s(-) and the tail probability k(-;-,-) are given by (L99), (II06) and

(LII4) now with dimension Sy := sup,cpn\ z R(7) < 2, respectively.
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Proposition 1 and the first half of Proposition 2 are direct consequences of Lemma and
Section Under the original probability measure Py, , the process s(X(-)) is a semimartin-
gale with decomposition ds(X(t)) = h(X(t))dt + dO(t) where h(-) and O(-) are obtained
from h(©(.) and O(-) in (LIN), by replacing R©(-) in (LI0R) by R(-) in (LI20) and W() in
(TI8) by W(-). Then, the comparison with Bessel processes is repeated in the similar manner.

Thus, if sup,egn\ z R(x) < 2, we obtain (LIZ2I) and the estimate (LI22).

Remark 1.4. Since A(-) is positive-definite and rank(D) = 2, the matrix D’ A(-) D is non-negative-

definite and the number of its non-zero eigenvalues is equal to rank(D’A(-)D) = 2. This implies

3 D
R(O)(x) > M >1; zeR"\Z,
maxj<;<3 )\2 (l‘)

where {\P(.),i = 1,2, 3} are the eigenvalues of the (3 x 3) matrix D’ A(-)D.

On the other hand, an upper bound for R(®)(-) is given by

o trace (D'A(z)D)

(1.123) RO(z) < ;. T€eR"\ Z,

3 minlgign )\,‘ (.73)

where {X;(+),1 < i < n} are the eigenvalues of A(-). In fact, we can verify DD'DD’ = 3DD’,
{r €eR": DD’z =0} = Z, and so if DD’z # 0 € R",

min Ai(x) ©'DD'A(x)DD'x  Q(x)  trace (D'A(z)D)
1<i<n ' = #/DD'DD'z 3 3RO) () ’

this gives the upper bound (LIZJ) for RV (-) above. [

Remark 1.5. For the standard, n—dimensional Brownian motion, i.e., o(-) = I,, n > 3, the
quantity R©(-) of (LI0F) is computed easily: R (.) = 2. More generally, suppose that the

variance covariance rate A(-) is

A(z) == (aIy + B,DD' +1T diag(y,)) - 1x, () ; = €R",

v=1

for some scalar constants oy, 5, and (n x 1) constant vectors 7, , v = 1,...,m. Here diag(x) is
the (nxn) diagonal matrix whose diagonal entries are the elements of x € R™, and I is the (nx 1)

vector with all entries equal to one. Then R(®)(:) =2 in R™\ Z, because I'D = (0,0,0) € R *3
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and
2 -1 -1
1 1 2 -1 0
DD' = -DD'DD' = € R™*™,
3 1 -1 2
0 0
Hence, if the coéfficients a,,, 3, and 7, v = 1,...,m are chosen above so that A(:) is positive-
definite, then we have (LIIS). O

Remark 1.6. The condition (i) of (LTT7) in Proposition 1 holds under several circumstances. For
example, take n = 3 and fix the elements a11(-) = a22(-) = ags(-) = 1 of the symmetric matrix

A(-) = o0’(+) in (LI08) and choose the other parameters by

ai2(x) = a2 (z) == ar4lg,, (z) + ar-1g, (2),
(1.124) azs(x) = asz(z) = aoylr,, () + as_1g, (x),

az1(r) = a13(x) := azylr,, (v) + az_1g,_(z); =z € R3,

where R+, i = 1,2,3 are subsets of R?® defined by

Rip={zeR: fi(z) >0}, Roy:={zeR’: fi(z) =0,f2(z) >0},
Ri_:={zeR®: f1(x) <0}, Ro :={zxecR®:fi(z)=0,f(x) <0},
Ray :={z € R’ : fi(z) = fa(x) = 0,f3(x) > 0},

Ry—:={z € R’ : fi(z) = fa(x) = 0,f3(x) <0},

fi(z) = [ws — w1 — (=24 V3) (2 — 23)] - [w5 — 21 — (=2 — V3) (22 — w3)],
fo(x) := [w2 — 25 — (=24 V3) (21 — 22)] - [v2 — 23 — (-2 — V3)(21 — 22)],
fa(z) := [w1 — w2 — (=24 V3) (w5 — 21)] - [11 — 22 — (=2 = V3) (23 — m1)],

for z € R? with the six constants ;1 satisfying 0 < a;y <1/2, —1/2 < a;_ <0 for i =1,2,3.
Note that the zero set Z defined in (ILI07) is {z € R? : f1(z) = fa(x) = f3(z) = 0}. Thus, we
split the region R3 \ Z into six disjoint polyhedral regions R;+ ,i = 1,2,3.

Remark 1.7. In the example of Bass & Pardoux [9], mentioned briefly in the Introduction, the
diffusion matrix o(-) = >_I""; 0,(-)1g, (-) in (LI8) has a special characteristic in the allocation of

its eigenvalues: All eigenvalues but the largest are small, namely, they are of the form (1,¢,--- &),
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where 0 < e < 1/2 satisfies, for some 0 <6 < 1/2:

2'o(x)o(x) x (n—1)e2+6

1.125 -1 <4 fi R"™ d 1.
( ) ||=TH2 S or x & , an T—5 <

This is the case when the diffusion matrix o(-) can be written as a piecewise constant function

> oulg, (), where the constant (nxn) matrices {o,, ¥ =1 ...m} have the decomposition

0,0, = (y,, B,)) diag (1,€2,...,&%) ,
B/

v

the fixed (n x 1) vector y, € R, satisfies

(=, v )I?

(1.126) lyoll =1, =—F—5—
[l

>1l—¢e; zeR,,

and the (n x (n — 1)) matrix B, consists of (n — 1) orthonormal n—dimensional vectors or-
thogonal to each other and orthogonal to ¥, , for v =1,...m. Then, for all x € R™, we have

|z ||?trace (o(z)o(z)") 1< (n—1)e%+6

x'o(x)o(x)z - 1-6 <1

This is sufficient for the process X(+) to hit the origin in finite time.
To exclude this situation, we introduce the effective dimension ED 4(-) of the elliptic second-

order operator A defined in (II04), namely
_ JlalPrace (o(z)o(2))  [latrace (A())

(1.127) ED4(z) := vo(x)o(x)x n ' A(x)x

for z € R™\ {0}. This function comes from the theory of the so-called exterior Dirichlet problem
for second-order elliptic partial differential equations, pioneered by Meyers & Serrin [44]. These

authors show that

1.128 inf ED4(-) > 2
( ) et A(%)

is a sufficient criterion for the existence of solution to an exterior Dirichlet problem. In a manner
similar to the proof of Proposition 1, it is possible to show that (L.I28)) is sufficient for P, (X;(t) =

o= X,(t) =0 for somet > 0) = 0, since R (-) becomes ED4(-) when the matrix D is
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replaced by the identity matrix.
With o(-) as in (L98)), the effective dimension ED 4(-) satisfies

EDA(@) > mmm(nz%race <au<->a;<~>)>Z . ( S (@) >

vty 2o, (Vo ()z v=letm \ maxi_y ... Ao (@)

for x € R™ \ {0}, where {\;,(-), i =1, -+ ,n} are the eigenvalues of the matrix-valued functions

o,(-)ol (), for v=1,--- ,m. Thus, ED4(-) > 2 if

inf  min ( 2iz1 Aiv(2) )>2,

2€R7M\{0} v=1,,m \ MaX;=1 ... n Air(T)

a condition that can be interpreted as mandating that the relative size of the maximum eigenvalue
is not too large, when compared to the other eigenvalues.
Note that in the example of Bass & Pardoux [9], all n Brownian particles collide at the origin

at the same time, infinitely often: for o € R™ we have
Quo (X1(t) = Xa(t) =--- = X,,(t) =0, for infinitely many ¢ > 0) =

This is a special case of Proposition 2. Under the setting (LI25) it is seen that R () <2 —p
for some 7 > 0. In fact, it follows from (LI26) that there exists a constant £ € (0,1/2) such
that

(D'z, D'y, )P
>1_¢ L ER"\ Z,
D2 D, B = L8 T SR

and we obtain

m

(1 —&2)||D'y,||* + 62 1
(0) v . n
R 2_:1 ) |(D”3},3P,Hy2u>|2+3€21Ru($)ﬁl_5<2, T eER™\ Z.

Remark 1.8. Friedman [I3] established theorems on the non-attainability of lower-dimensional
manifolds by non-degenerate diffusions. Let M be a closed k—dimensional C2—manifold in R" ,
with &k <n —1. At each point x € M, let Npi;(z) form a set of linearly independent vectors
in R™ which are normal to M and . Consider the (n — k) x (n — k) matrix a(z) = (a;;(z))
where

aij(z) = (A(x)Ng1i(x), Nigj(o)); 1<d,j<n—k, xeM.
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Roughly speaking, the strong solution of (LI3]) under linear growth condition and Lipschitz
condition on the coéfficients cannot attain M, if rank (a(z)) > 2 holds for all z € M. The
rank indicates how wide the orthogonal complement of M is. If the rank is large, the manifold
M is too thin to be attained. The fundamental lemma there is based on the solution wu(-)
of partial differential inequality Au(-) < pu(-) for some p > 0, outside but near M with
lim st (2, M)—o0 U(x) = 00, which is different from our treatment in the previous sections.

Ramasubramanian [48] [49] examined the recurrence and transience of projections of weak
solution to (ILI3) for continuous diffusion coéfficient o(-) , showing that any (n — 2)—dimensional
C?—manifold is not hit. The integral test developed there has an integrand similar to the effective
dimension studied in [44], as pointed out by M. Cranston in MathSciNet Mathematical Reviews
on the Web.

The above Propositions 1 and 2 are complementary with those previous general results, since
the coéfficients here are allowed to be piece-wise continuous, however, they depend on the typical
geometric characteristic on the manifold Z we are interested in. Since the manifold of interest
in this work is the zero set Z of the function s(-), the projection s(X(-)) of the process and

the corresponding effective dimensions ED4(-), R®)(-) are studied. O

Remark 1.9. As V. Papathanakos first pointed out, the conditions (ILI17), (I119) in Propositions
1 and 2 are disjoint, and there is a “gray” zone of sets of coéfficients which satisfy neither of
the conditions. This is because we compare with Bessel processes, replacing the n-dimensional
problem by a solvable one-dimensional problem. In order to look at a finer structure, we discuss
a special case in the next section by reducing it to a two-dimensional problem. This follows a

suggestion of A. Banner. O
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Chapter 2

Brownian motions with reflection

In this chapter our goal is to study attainability and ergodic behavior of multidimensional
diffusion Y(-) in a sub-domain & C R""!, where Y(-) is understood as a transformation
Y(:) :== F(X(-)) of the n—dimensional process X(:) in Chapter 1. Typically, we consider the
case of & := (Ry)""!, i.e., that all codrdinates are positive, so that the transformed process
F(X(-)) stays in the non-smooth domain (R, )"~!. For example, the mapping P(-) defined in
([T3) in Section [LTlin Chapter 1 does this job.

One of interesting questions is the behavior of Y (-) := F(X(-)) near the non-smooth bound-
ary of &. For the domains with smooth boundary Stroock & Varadhan [54] introduced sub-
martingale problem to formulate existence and uniqueness of process. The non-smooth boundary
of (R4)"~! introduces some interesting technicality, in addition to their analysis, and affects the
whole study of the process.

We start with the process Y(:) restricted in one-dimensional half space R, , ie, n = 2
in Section [ZIl There it is natural to examine the local time of Y () at the origin which is a
random measure of how much the process stays around the origin. The local time has good
properties, and appears as an ingredient of the submartingale problem. Then, we analyze the
process restricted in two-dimensional polyhedron (R;)?, i.e., n = 3, and we generalize to the
multidimensional case in Section [Z3] In higher dimension the random measure of how much the
process stays around the boundary is not the good one-dimensional local time anymore. A key
component in understanding the process Y (-) = F(X(-)) is attainability for some non-smooth
domains. We discuss attainability of non-smooth part for the study of uniqueness of process in

each case.
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Another interesting question is ergodicity; it will be discussed after Section 241 We consider
the stationary distribution of the multidimensional Brownian motion with reflection. The sta-
tionary distribution can be written as the product of exponential distribution functions, under
the skew-symmetry condition (Z60) on the diffusion coéfficients. The so-called basic adjoint
relation (2.I09) on differential operators (2.98]) and their adjoints (298] play an essential role to
determine the stationary distribution. We will see that the skew-symmetry condition, appearing
in Proposition 2.4] and Proposition 2.6 have deep connection with attainability of non-smooth
part of &. The study of ergodic behavior of F(X(-)) leads us to the understanding of ergodic

property of the original process X(-) in Chapter 3.

2.1 One-dimensional Positive Half Line

In this section we construct the Brownian motion on the half-line [0, 00), which we call the one-
dimensional reflected Brownian motion. By the symmetry of Brownian motion between (0, o)
and (—o00,0) and by the strong Markov property, it is easily obtained by taking the absolute value
|-| of the one-dimensional Brownian motion. This non-linear transform makes all complication
behind the scene. For example, define Z, := {0 <t < oo : W(t,w) = 0} be the zero set of
the Brownian motion W(-). Then, with probability one, the zero set Z, is closed, unbounded,
has an accumulation point at ¢ = 0, has no isolated point in (0,00) and therefore, it is dense
itself. Especially, the Brownian motion W(-) starting at zero cannot stay in the half-line for any

interval [0,d] for any 6 >0 , i.e.,
(2.1) PO(W, >0,0<Vt<d)=0,

from Blumenthal’s 0 — 1 law. In fact,

PO(Usso{W; > 0 for all t € [0,0]}) = %iiIOl]P’O(Wt >0 for all t € [0,0])

1
< limP° >0) == .
<TmPY(W; > 0) = 5 <1

The set in the left-hand is in Fpy and by the 0 — 1 law, its probability is 0. Hence, for any
d >0, 1) holds.
From these facts, it is absolutely non-trivial to discuss the sample paths behavior of reflected

Brownian motion |[W(-)| near its zero set Z. In this section we see how we can handle the
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sample paths property of one-dimensional reflected Brownian motions.

Note that the reflected Brownian motion |W ()| is a Markov process with transition density

pi(tx,y)dy =P(W(t+s)| €dy|[W(s)| = z) = p(t;z,y) — p(t; 2, —y)

where p(t;x,y) is the transition probability density of Brownian motion, i.e.,

1 (y—=)?
e" = 5 t>0, (z,y) € R2.

(2.2) p(t;z,y) =

2.1.1 Skorokhod Equation

A.V. Skorohod [52] provided the path-wise construction of the reflected Brownian motion through
the so-called Skorohod equation in the following way.

Let z > 0 be a real number, y := {y(t) : 0 < ¢t < oo} be a continuous function with
y(0) =0, k:={k(t) : 0 <t < oo} be non-decreasing, continuous with k(0) = 0 and only

increasing, when {¢t >0 : z(t) =0}, i.e, fot 1iz(1)>0yd k(s) = 0, which satisfy
(2.3) x(t) =z4+yt)+k(t)>0; 0<t<oco.

Then, k(-) is given by

(2.4) k() = max [0, max {—(z +y(s))}]; 0<t<oco.

Now let W := {W; : 0 <t < oo} be the one-dimensional Brownian motion starting with

Wy = z on some probability space (2,F ,P?).

Proposition 2.1 ([52]). By this Skorohod equation, we introduce the mappings

(2 y) := k(t) = max [0, max {~(2+y(s))}]; 0<t< o0,
(2.5) ==

Ui(zy) i=2(t) = 2+ y(t) + Pu(z59); 0<t < o0,

and define a one-dimensional continuous process X := {X(¢);0 <t < oo} by

(2.6) X(t)=Vz; B)=2—Bi+P(2; B); 0<t< o0,
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where B := {B.; 0 < t < oo} is another Brownian motion on (possibly different) probability
space (U, F',Q). Then, X under the probability measure Q and |W|:={|{W(t)|; 0 <t < oo}

under the probability measure ,P* have the same distribution.

Thus, we obtain the probability distribution of reflected Brownian motion |W(-)| as that
of X(-) through this Skorokhod equation from the Brownian motion from another Brownian
motion B(-). Note that this construction is to obtain the process X () with the same probability

distribution as |W|. The increasing part ®.(z; B.) is identified as the local time, i.e.,
¢
®y(z; B.) = k(t) =2L(0), B;= —/ sgn (Ws)dWs teRT,
0
from Tanaka’s formula
t
(2.7) |[We| := [Wo +/ sgn (Wy)dWs +2L(0); 0<t< oo,
0

where L;(0) is the local time of W at zero. Here we define the local time of W at z, following P.
Lévy, by

1
Lt(x)::lgilngZELeb{Ogsgt:|stx|§5}; 0<t<oo,zeR.

2.1.2 Submartingale Problem

In the previous subsection we saw that the Skorokhod equation gives one way of constructing
the reflected Brownian motion. In this subsection we want to characterize every strong Markov
families {P*} of probability measures that have continuous paths, stay on the half line and
behave like a standard Brownian motion away from 0 starting at x. This will be generalized
and discussed precisely later in Section 2.3l Here we discuss formally and concisely.

Our starting point is again the fundamental characterization of Brownian martingales ex-
plained in Lemma [[.T] and the subsequent martingale Problem [[lin Chapter 1. Along with those

characteristics of martingales, we restrict the process X(-) in the following way.
Problem 5. We want to find a family of probability measures {P*;x € [0,00) } such that

(1) the canonical continuous process X(-) stays on the half line, i.e., P*(X(t) > 0 fort >
0) = 1, starting at © € Ry and has the semimartingale property with respect to some

filtration { Fy; t > 0} satisfying the usual condition, and



63

(2) it behaves like a standard Brownian motion, i.e., the process

(2.8) M = f(X(0) ~ FXO) - / F(X(s))ds; 0<t< oo,

is a continuous P®—martingale for any f € C*(R) with f'(0)=0.
Remark 2.1. First of all, applying f(x) = 22 € C?(R) with f/(0) = 0 to the martingale property,
we obtain that X?(t) — X?(0) — ¢ is a P®—martingale with zero expectation. This implies that
the quadratic variation process satisfies (X)(t) = ¢ for every t > 0. Since P*(X(¢) > 0) =1

from the above restriction (1) of Problem [l on the process, we obtain
(2.9) E*| X (t) — X (0) | = E*[ X2(t) + X?(0) — 2X ()X (0)] < 22 +t < 0.

Note that we added the restriction f/(0) =0 on the underlying function f(-) in (2) of Problem
Bl Then, the function f(z) = x violates this restriction and is not applicable, which is different
from the usual martingale problem discussed in Chapter 1. O

Remark 2.2. The following semimartingale property in Proposition[2.2] originally in S.R.S. Varad-
han’s online lecture note, indicates the well-posedness of Problem Bl For one-dimensional semi-
martingale X (-) it can be shown that there exists a local time process LX(-) associated to
X(-), however, for higher dimensional semimartingale the local time is not well-defined as the
one-dimensional case. In this sense, we understand the following Proposition [2.2is a special case

that the semimartingale decomposition can be written in terms of the local time process. [J

Proposition 2.2. Under P? | the continuous semimartingale X constructed from the above (1)

and (2) of Problem [l is a non-negative submartingale with the decomposition
(2.10) X(t)=X(0)+ M(t)+A(t); 0<t<oo,

where M(-) is a continuous martingale with M(0) = 0 and the continuous adapted non-

decreasing process A(-) starting at 0 increases on the set {t ; X(t)=0}.

Remark 2.3. For example, define

(2.11) fn(ac):/:c dy/_y npnz)dz; xeR,n>1,

where the function p(-) introduces the mollifier with p(z) = c-exp[—1/{(2—1)*=1}]-1{0<.<2}
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for z € R and the constant ¢ in this expression is chosen, so that f_oooo p(z)dz=1. Then, the
above function f, () isin C?(R) with f/(0) =0 satisfying

lim fu(e) =a*,  lim fi(5) = Lo (2), fI(z)=np(nz); =eR.

n—oo n—oo

Applying the above martingale property to f,(-), we obtain that

ME = X 0) = £(XO0) =~ [ SR @) 02t < o

is a P*—martingale. Then, taking the limits on both sides with the first property (1) of non-

negativity of process in the above Problem [l we obtain the decomposition
(2.12) Xt)=X0)+M(@)+A); 0<t<oo,

where M(-) is a limit of continuous martingale { M/*} and A(-) is the limit of the part of
corresponding integrals. In fact, M(-) is the continuous (F;)—martingale and A(-) is the local
time of X at level zero.

In fact, let L(X) := {L#(X);t > 0,a > 0} be the family of local times L{(X) of the
continuous semimartingale X(-) at level a € Ry until time ¢ > 0. Note that there is a
modification of the local time which is continuous both in time and space variables. From the
occupation-density formula, the non-negativity of X and right-continuity of the local time in
space variable, it follows that

oo
1//

(2.13) lim t %f,’b’(X(s)) ds= lim M) L (t)dz = LO(t); 0<t<oo.
0

n—oo n—oo Jg 2
Moreover, again from non-negativity of X the limit X (¢) = X (¢)* = lim,, oo fn(X(t)) exists
P?—a.e. for t > 0 and so does the limit M (£) := lim, o M;™ . Since the function f,,(-) defined
in (ZII) satisfies f,(z) <2 for >0, f/(-) >0 and E(XT(t)) < (E|X(t)>)'/? < oo from
Remark [Z1] again by the dominated convergence theorem and the martingale property for ¢ > 0

we obtain

BLX(0)] = I B £,(X(0)] = i B [£,(X(0) + [ SH(X(s)as] = B*[X(0)] =z
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That is, X(-) is a submartingale. Thus, the bound in (23] is, in fact,
(2.14) E*| X (t) — X(0) | = E*[ X2(t) + X?(0) — 2X () X(0)] < 22 +t — 22° = ¢.

To show the limit M(-) is a continuous F;—martingale, we need some estimates on sup,, Mtf "

We show in the next paragraph that

(2.15) E[suthf”]<oo; 0<t<oo.
n>1

See (2.18) below.

In fact,

e we use the decomposition ([Z.I0) and the following Gilat’s theorem [I5] saying that every

non-negative submartingale is the absolute value of a martingale.

Theorem 2.1 (Gilat[I5]). Let X = { Xy; t > 0} be a non-negative submartingale with right
continuous sample paths. Then, there exists a continuous martingale Y = {Y;;t > 0}
such that the process |Y|:={|Y¢|; t > 0} has the same distribution as X . Furthermore,
the continuous martingale Y can be chosen either to be symmetric or else to have any

mean smaller than E(Xy) .

The process X (-) in (ZI0) is a non-negative submartingale. From Gilat’s theorem, there
exists a martingale Y (-) such that the processes X(-) and Y'(-) have the same probability
distribution, and hence the couples (X(:),(X)(-)) and (|Y'(-)|,(Y)(:)) of processes have
the same probability distribution. Thus, the local times L*(X) of X(-) at level a > 0 has
the same probability distribution with the local times L*(|Y]) of |Y ()| at level a > 0,
since we can write

L?(X):liﬁ)lfi_l/ I{QSX(H)SQ+E}dX(u)
€ 0

@, 1 [ @ .
Dlimet [ Lociviwsara d W) = L(Y]) iRy,
0

where the second equality holds in the sense of distribution. Then, we estimate the supre-
mum sup,sq L§(X) of the local times L{(X) over the location parameter from the fol-

lowing theorem by Barlow and Yor [g].

Theorem 2.2 (Barlow and Yor [8]). Let M denote a continuous local Fy—martingale and
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L be its bi-continuous family of local times, i.e.,

lim LY =1L%, lim L% ewists .
bla,s|t bla,sTt

Then, L} := sup,crL{ is Fi—adapted and left-continuous and satisfies a type of the
Burkholder-Davis- Gundy inequality: there exist some universal constants ¢ > 0 and C > 0

such that for any pair (S,T) of stopping times with S < T,

CE{/STd<M>ur/2 gE[igg/sTdLﬂ gCE[/jd(M)uT/Q.

Especially,

(2.16) E[supo} <CE[(M)]"?; t>0.
acR

Using this theorem, we obtain

E[iggL?(X)} = ]E{iglgL?(lY\)} = 2E[§1§13L2‘(Y)}

<2 E[(Y)()]"? ( from @I5))

< Cy E[ sup |Y(u)|} (the Burkholder-Davis-Gundy inequality)
0<u<t

= C’QE{ sup X(u)} <4CE[X?*(t)] <oo (Doob’s submartingale inequality) .
0<u<t

It follows that

sup/ X sup/ (= L“da
(217) n>1 n>1
< ]E[sup/ fl(a)da - supo(X)} :E{supo(X)} < 0.
n>1J0 a>0 a>0

Thus, with E[sup,>, fo(X(£))] < E(X () < [E(X(£))]/2 < o0 we obtain

2.18 E[sup M/"] < B(X —HE su f” ))du
( ) P My p

n>1 n>1
Therefore, the estimate (2.I5]) is now obtained.

e Recall that f;(-) is non-negative in [0, 00) with f5(0) = 0 and is strictly positive in (0, c0) .



67

Moreover, lims|o f5(2) = 11,50} . From these facts, let us replace the condition ([2.8) for
functions f(-) in C%(R) with f/(0) = 0 by the condition on functions in C?(R), namely

that for every C2(R) function g(-) and for some non-decreasing continuous process A(-),

(2.19) M{ = g(X (1)) - 9(X(0)) - 1/0 g"(X(s))ds — g'(0)A(t); 0<t<o0

is a continuous P-martingale.

Here we use this estimate and conclude by Doob’s convergence theorem on the conditional

expectations: for s > t,

E[M(t)| Fs] = E[ lim M/"|F,] = lim E[M/"|F,] = lim M{ = M(s).

n—oo

Thus, M(-) is an F;—martingale. Therefore, X(-) has the decomposition (Z12) . O

Remark 2.4. Another example of such a function f(-), originally suggested in Varadhan’s online
lecture notes, is fs(z) = x — dtan~'(z/§) for x € R and for fixed § > 0. Since, fi(z) =
1-62/(2*+62), f{(z) = 2522/ (2*+62)?, this function satisfies the above condition f’(0) = 0.
Moreover, f§(xz) >0 for > 0. Then, f5(X(-)) — fs(X(0)) is a sum of martingale M7 and
non-decreasing bounded variation process A% := Jo 27" f§(X(s))ds, that is, a submartingale.
Since fooo §(z)dx =1, we use the same argument as in the previous example and obtain that

the limit X (-) = limso f5(X(:)) is a submartingale and it has the decomposition
Xt)=X0)+M(@)+A); 0<t<oo,

where M(-) := limgsjo M7* and A(-) := lims o A7 = lims0(1/2) [ f2(X(s))ds = LY(X).

2.2 Two-dimensional Wedge

Let & be an infinite two-dimensional wedge with the angle & € (0,27). Polar codrdinates in
R? are denoted by (r,6) for » > 0 and 6 € [0,27]. Then, the two-dimensional wedge & can

be written as

(2.20) G:={(rf) :0<0<E&, r>0}
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in the polar codrdinates. When & = 7 /2, it is called two-dimensional positive orthant, i.e.,
SG={zreR?:2;,>0,i=1,2}.
In this section the existence and uniqueness of a strong Markov process that has continuous

sample paths on & and has the following three properties are discussed:

1. the process X behaves like the standard two-dimensional Brownian motion in the interior

S of G and the state space of the process is &,

2. the process reflects instantaneously at the boundary of the wedge with constant direction

of reflection along each side 06, := {(r,0) : 6 =0} and 065 := {(r,0) : 6 =¢}.
3. the amount of time that the process spends at the corner has Lebesgue measure zero.

These properties are intuitive. Mathematically the existence and uniqueness of such processes
are formulated as submartingale Problem [(] below. This Brownian motion with reflection in &
is a special case of multidimensional diffusion with non-smooth boundary and singular boundary
condition. It will be generalized into higher dimension in Section 2.3l The solution to this special
submartingale problem is characterized by the boundary property explicitly, since there are some

relations to solvable two-dimensional partial differential equations and special Green functions.

Set-up

Let 07 and 65 denote the angles that the directions of the reflections on the two sides 0&; and
064 of the wedge make with the inward normals n; and ns to those sides, positive angles being
toward the corner, respectively. The directions of reflection can be represented by vectors v; and
ve with nlv; = (n;,v;) =1 for i = 1,2, respectively. See Figure 2221l The scaler parameter
B:= (01 4+ 02) /£ determines how much the process is pushed toward the corner by reflection at
the boundary. This number 3 characterizes the process and its induced probability measure in

the following submartingale problem.

Problem 6 (Submartingale Problem in two-dimensional wedge). Find a probability measure P,

on the space of continuous paths X (-) in & such that
1. P.(X(0)=2x)=1.

2. For any twice continuously differentiable bounded function f(-) on & which is constant in

a neighborhood of the corner and has non-negative directional derivatives in the direction
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92 < «91 <0
q2 Ny

) ™
£ q1

Figure 2.2.1: Two dimensional wedge.

of reflection, i.e., D;f = (v;,Vf) >0 fori=1,2,

(2.21) FXW) ~ FX0) - 5 / Af(X(s)ds; 0<t< oo

is a Pp—submartingale. Here we define a differential operator A := Zle 0?/0x?.

3. The process does not stay at the corner for the time of positive Lebesque measure, i.e.,

Ea[ [y 103 (X (s))ds] =0.

Note that the uniqueness of solution of the submartingale problem starting from each =z € &

gives the strong Markov property.

Theorem 2.3 (Solution in the two dimensional wedge by Varadhan and Williams [59] ). The

solution of the above Problem is characterized by (8 = (01 + 02) /€ in the following.

o If B <2, there is a unique solution P, of the submartingale problem starting from x € & .
If © £ 0, then the process X(-) reaches the corner of the wedge with P,—probability zero

or one, respectively, according to whether 3 <0 or 0 < < 2.

e If B> 2, then there is a unique P, satisfying (@) and (@) but not {3) in the above Problem.

It corresponds to the process starting at x which is almost surely absorbed at the corner.

In the following subsections we sketch the proof of this theorem based on [59].

2.2.1 Existence
Absorbed process

First define 7(0) :=inf{t >0 : X(¢) =0} for the the continuous functions X(-) € C(6) in &.

Lemma 2.1 ([59]). For each x € &, there exists a unique probability measure PO such that
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1. PUX(0)=z)=1.

2. For any twice continuously differentiable bounded function f(-) on & which is constant in
a neighborhood of the corner and has non-negative directional derivative in the direction of

reflection, i.e. , D;f = (v;,Vf) >0 for i =1,2, the process

1 tAT(0)
(2.22) f(X(t/\T(O)))—f(X(O))—*/O Af(X(s))ds; 0<t<oo

is a PY—submartingale.
3. PUX(t)=0 fort >7(0))=1.

From the third property, such a process X (-) under PY is called the absorbed process. It is
understood by successive conditioning. A two-dimensioanl Brownian motion starting at x can
be reflected obliquely from a single side, which is characterized by ([222)). By conditioning on
the time of reflection from the single side, we successively construct the process. If the process
undergoes an infinite number of successive reflections from the two sides, i.e., the process hits the
corner, then the process is forced to stop. This step gives the last property. This is the intuitive
interpretation of construction.

For the uniqueness, define a sequence {o,;n > 1} of stopping times o, := inf{t > 0 :
IX(t)|]| =1/n}. The uniqueness of the probability measure P~ until o, is established by the
theory of Stroock & Varadhan [54] for n > 1. This leads the uniqueness of P with the limiting
procedure as n T co.

Let D(6) denote the space of all right continuous functions X (-) : [0,00) — & with finite
left limits on (0,00). We endow D(&) with the Skorokhod topology on D(&). The Borel
o—algebra MP associated with this metric topology on D(&) is the same as that generated by
the codrdinate maps, so MP = a(X(t) : 0 <t < o00).

In order to solve submartingale Problem [ we define an approximating sequence {IP";; 0 €
S\ {0}} of probability measures induced by the process X(-) with a jump at the corner; If
7(0) is finite, we move the process X(-) instantaneously to the points 6 € &\ {0} as soon as
the process hits the corner. Then, the process is forced to start afresh at §. This procedure is
repeated forever.

The state space & is locally compact and the trajectories have jumps of size at most ||| .

Let 7 > 0 be fixed and take a small ¢ so that ||0]] <37 /4. Pick 0 <r <n/4 so that the balls
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B, (r) with radius r > 0 and center at any x € GN{y : ||y|| > n/2} interects at most one side
of &. Define the first exit time 7., = inf{¢t > 0 : X (t) € By(n)} from the ball B,(n) with

radius 7 > 0 and center at . Then, observe

supPo(rp, <t) < sup Po(r,,.<t)= sup P, <t)—0.
€6 llz]|>3n / 4 llzll=3n /4 tl0

It follows that limg o imsupys oSup,es PS (7, <t) =0 for each 1 > 0. Thus we obtain the

following Lemma.

Lemma 2.2 (Lemma 2.3 of [59]). The family {P5} of probability measure is weakly relatively

compact as ||0]] — 0.

Thus, by this Lemma 22 there exists a weak limit point P, of {P%»; n > 1}, which will be
a candidate of the solution to Problem The first and second properties ([I), ) of Problem
are easily obtained by the limit procedure. In order to verify the third property (Bl), we
want to estimate how much time the process spends in the neighborhood of the corner. In

the next subsection we discuss if it reaches the corner or not, according to the magnitude of

B=(01+6)/¢.

Attainability

In this subsection we categorize the processes into two cases (i) the process hits the corner > 0
(ii) it never hits the corner 5 <0.
First, we describe a P)—martingale ®(X(-)) for some twice continuously differentiable func-

tion ®(-) on &\ {0} satisfying the boundary value problem
(2.23) AP=0 inG\{0}, D;®=0 ond&;; i=1,2.

Then, by the submartingale characterization of PO for the absorbed process and by Doob’s

stopping theorem, we obtain
(2.24) EAR(X(tAT-ATK))] =®(x); xef{y:e<]|yl|<K},
where

(2.25) T :=1inf{t : | X ()| =7r}; r>0.
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Using this observation, we compute the probability P%(7(0) < co) in polar codrdinates.

Lemma 2.3 (Theorem 2.2 of [59]). If 3 > 0, then PY(7(0) < 0o) = 1, while if B < 0, then
P2(r(0) < 00) =0 for z € &G\ {0}.

Proof. Solving the boundary problem (223)) by separating variables, we obtain

8 B .
(2.26) o(r0) =4 cos(30 — 61) if 540,

logr + 6 tan 6, if 5=0.

In fact, for example, if 3 # 0,
Vo = (00 /dr,(1/7)0®/00) = (8" cos(80 — 01), —r L sin(80 — 6,))

in polar codrdinates. Since v; = (—tanf;,1) and vo = (—tanfy,1) in polar codrdinates,
Di® =viVP =0on {0 =0,7>0} =061 \{0} and Ds® = v4)V® =0 on {6 = &,r >
0} =065\{0}. Since the function ®(-) is a linear combination of the real and imaginary parts
of 27 for z € C, it can be extended to a twice continuously differentiable harmonic function
on some domain containing & \ {0} . By applying It6’s formula to ®(X (-)) and submartingale
characterization, we verify that ®(X(-)) is the local martingale. Since the process X has the
same law as the process constructed path-wise from Skorokhod problem, it can be verified that

T. and T is finite with probability one. Thus, ®(Xiar. Ark) satisfies
(2.27) EORX(EAT-ATR))]=®(x); xe{y:e<|yl<K},

Now let p denote PV (7. < 7).

(i) If B # 0, it follows from ([227)) that
e’p+ K*(1—p)e <||=|”,

where ¢ := mingeg ¢ cos(B6 — 61) > cos(|01| V [02]) > 0. Then,

KO — ||| /e

T
> el <

if 5>0, e

if 8<0,

and by letting € | 0 first, then K T oo, we obtain the desired result.
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(ii) If B8 =0, then it follows from (227)) that

ploge + (1 —p)log K + & [tan 61| > log||z|| — &|tan 6],

or
log(K / ||=]]) + 2¢ [tan 6 |
- log(K/e) '
Therefore, by letting € | 0 first, then K T oo, we obtain the desired result. O

Existence for (< 2

Now with these understandings we estimate how much time the process spends in the neighbor-

hood of the corner. Define a twice continuous differentiable function W(-) from the above ®(-)

by

®(r,0) = rP cos(p0 — 1) it >0,
(2.28) U(r,0) = e®(r0) = peftants if =0,

1/®(r,0) =1/ (rPcos(B —0y)) if <0,

and ¥(0,0) =0 with the polar codrdinates. The function ¥(-) is continuous on & and ¥(r, )
is increasing with 7 for fixed 6. Thus, it suffices to look at Eq[fy™ 10, (¥(X(s)))ds] for
the condition ) E,[f,~ 1{0}(X(s))ds] = 0 of Problem [6l Here the expectation is under the

probability measure which is the weak limit of {P%»;n > 1}.

Lemma 2.4 (An estimate of occupation time around the origin [59]). Suppose that § < 2 and

U(x) < K. The expected occupation time around the origin is evaluated as, if x #0,

B, | [ Lo @)

P(r(0) < 7k) - 9(2(dn))
P3, (7 < 7(0))]7"

(2.29)

< ¢ !liminf [g(@(x)) +

n—oo

i

and if t =0,

(2.30) E, {/OTK 1[075)(<I>(X(s)))d5} < ¢ Hliminf g(®(6,,)) [IP’gn (tx < 7(0)]71,

n—oo

where g(-) is defined with parameter € > 0 in 232)-233) below and c := inf, h(z) is defined
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by
(2.31) h(z) = (cos(80 — 01))*° 1 g0y + (1 + tan® 0y)eX 011 51
If 0<fB<2,0r 2<(,let us define the continuous function g(-) by
(232)  gly) = szﬁ(l KLy + y(2e2/5(1 — 5/K2)/ﬁﬂ+ e/K) — y?/0-1 .

and if g =0,2, we define

5
9(y) == S (loge + (1 —¢/K) —logy)1{ocy<cy + 5(1 —y/K)lfe<y; B=2,

(2.33)
g(y) == ((e* — ) /2 + % log(K/e))1yciogey + € (108 K — y)1{ys105e1; B=0,

and if 8 <0, we define

2:1-2/B(y —1/K =2/B8 _ B/2  9:1-2/B(1/c — K
9(y) == — d ﬂ(Q(y ﬂ)/ )1{0Sy§1/€} + (E 9 76y - = ﬂ(Q(/;) )) ley>e-1y-

Moreover, letting € | 0, we obtain that if g < 2,

iz, | [ 100 @Cx)as| <0

and hence @) E, [fooo 1401(X(s))ds] = 0 of Problem [ holds. This completes the proof of

existence of solution in Theorem for 5 < 2.

Non-existence for 3> 2

Let us denote a probability measure induced from the process X (-) which satisfies [l and 2] of
Problem [6] by P . Given a positive CF(&)—function f. r, we obtain by Itd’s formula and
Doob’s martingale stopping theorem,

(238 BOU (e Ai))] = fec(0) + 3870 | / T AL kX ()ds: Dt <o,
0



(0]

where 7x :=1inf{t >0 : U(X(t)) > K }. If we can find such a positive function f. x(>0) that

in{ze6:0<¥(zx) <K},

lirgl fe k = ¥ unifromly

(2.35) =t
li%AfE7K =0 and |Af. k| < ¢ for some constant c,
€

then, by the dominated convergence theorem the limits of both sides of (2.34)) yield
EO[W(X(tATx))] = 0(0)=0; t>0.

Since ¥ >0 on &\ {0}, it implies that X (¢t A71g) =0 P™(© —qa.s.. Now letting K 1 0o, we

obtain
(2.36) PTO[X(t)=0]=1;t>0.

This violates (B) of Problem [fl Therefore, if we can find f. x which satisfies ([235]), we can
conclude that there is no solution which satisfies ([dl), @) and (B of Problem [f starting from
x € 6. In fact, let x:[0,00) — [0,1] be a twice continuously differentiable function which takes

values zero in [0,1/2] and one in [1,00). Define for 0 < e < K
(2.37) fo k() = r(e0(2)) (1 — k((2K) ' ¥(z))) ¥(z); 0€6&.

Then, A f. x = (e72¢"V +2e71 ¢') [VU|?(2) 1ic/o<w(a)<e} 10, ase |0, and |Af. g <c for

some constant c¢. Thus, there is no solution of submartingale Problem [0]if 3 > 2.

2.2.2 Uniqueness

The proof of uniqueness of submartingale Problem [0l requires elaborate work as in the proof of

martingale problem in Chapter 1. Here let us oversee the techniques that we can use.

Definition 2.1. For A > 0 define a stopped resolvent
To

(2.38) Rah(z) = E, [/ e MBX(B)dE]; we6,he (),
0

where 79 is defined through (2:25)).
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The uniqueness of submartingale Problem [6] can be shown through uniqueness of this stopped
resolvent. Using a Green’s function discussed in two dimensional wedge, we can represent the

stopped resolvent in the following Lemma

Lemma 2.5 ([59]). The stopped resolvent Ry(-) is equal to

(2.39) flx) ::2/Of/OOOG(\/ﬂrﬁﬂ/ﬁs,t)h(s,t)sdsdt; €6,

where G(-,-,-,-) is a Green’s function for the operator A —1 in & with boundary condition

D;f >0 on 06, for i =1,2, namely, if 3 <0, then

G(r,0,s,t) := %/ du / dv [cos(r sinh ) sin(s sinhv)

. p(u + i) sinh[r&~1(s + it)] }
p(v +it) [cosh(m€ =1 (v + is)) — cosh(m&~1(u +16))]1’

and if >0, then

G(r,0,s,t) = %/ du / dv [sin(r sinh u) cos(s sinhv)

oo oo

. p(u + i) sinh[r&~1 (u + i0)) ]
p(v +it) [cosh(m€=1(u +i6)) — cosh(w&—1 (v +it))]l’

p(z) =e(z—1i&,—061)e(z,02),
e(z,0) = H [1 + 2% (mé + %Wn + 9)_2} {1 + 2% (mé + %ﬂm + 9)_2}

m,n: odd
positive

-1

Moreover, the above f(-) in 239) is continuous at the origin and bounded.

Sketch of proof. The behavior of G(-,-,s,t) near (s,t) is
(2.40) G(r,0,s,t) = —% log[r? + 5% — 27 scos(d — )] + O(1),
T

as |r —s|+ |0 —t| — 0. Using this property, one can show that the function f(-) in (Z39)

satisfies

(3a-2)r=-n,
(2.41) Dif=0 ind&;\{0}; i=1,2, and
it >0, f(0,0)=0.
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By Ito’s formula and Doob’s stopping theorem,

(2.42)
f@) = B[ fx(enm) |+ B, [ [ e nx(@as ] pecie\ (w0 <e)).

It follows from Lemma 23] that if 3 <0, P,[rp =o00] =1, and if 8 > 0, we can verify f(0) =0

from the property of Green’s function. Thus, in either case, we obtain (Z38]). O

Uniqueness for <0

Using Lemma 23] we show uniqueness for 3 < 0. Let us define o, := inf{¢t > 0 : ¥(X(¢)) >
e} for e > 0 and denote by P the regular conditional probability distribution of P|M,_,
restricted on F,, . Since the amount of time that the process X(-) spends stay at the origin is
Lebesgue measure zero, h(-) in (238]) can be restricted in a class of functions which are zero in

a neighborhood of the origin. There exists ¢¢ such that for 0 < € < gg

(2.43) F(X(02)) _Eas[/ooo e MA(X(8)dt |

Then, since ¥(-) > 0 and hence o, | 0 as € | 0, and moreover f(-) is continuous at the origin

and bounded as is stated in Lemma 2.5, we obtain

Ex[/oooe—”h(xu))dt} :Ew[(/o%+/:°)e—”h(X(t))dt}
:Ez[/oas h(X(t))dt} +E, {e"\gf -E%{/m e—“h(X(t))dtH

0

= lig)lEm [f(X(02))e ] = f(0); forallP,, z€6.
g
This implies the uniqueness of solution P, of the submartingale Problem

Uniqueness for 0 < § < 2

Since P, (79 < 00) =1 where 79 is defined through (Z23]) in this case of 0 < § < 2 from Lemma
23] it takes more work to identify the behavior around the origin. We leave most of computation

related to Green’s function and conclude Lemma

Lemma 2.6 ([59]). For h € Cy(&) with h(z) = O(e~°?) as |z2| — oo with some constant
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c>0,

7(0)
(2.44) @) B, [ [ X0 at] = c.

where C(h) is a strictly positive constant which depends on h, whenever h > 0 and h Z 0,

given by

(2.45) / / o cos(Bt — 01)h(s,t) dsdt.

01—|—02

and moreover,

(2.46) EO[/ODO e h(X (1) dt] = m
where u(x) = {fme’)‘sh ))ds} and U(x)on{fOToe*)‘sds} for x € &\ {0}. This

implies the uniqueness for 0 < < 2.

Remark 2.5. Recall that two dimensional wedge is a cone. In Chapter 1, we consider Krein-
Rutman theory for the strongly positive compact operator () on a cone. Fortunately, we can

extend computations more explicitly here than there.

2.3 Multidimensional Diffusion with Reflection

In this section we generalize the above results for one dimensional positive half line in Section
2 or for two dimensional orthant in Section [Z2] to analyses for the case of (n — 1)—dimensional
orthant & := {x €¢ R"™' : 2, > 0,9 =1,...,n— 1} with n > 3. The cases n = 1,2 are
covered in Sections [2.1] and The boundary 0 & of & has non-smooth part.

In Chapter 1 we consider the n—dimensional process X(-). The map P : R" — (R, )" ! in
([L3) transforms the n—dimensional process X(:) into the (n— 1)—dimensional process PX(:).
Our intuition is that this (n — 1)—dimensional process PX(:) behaves like a multidimensional
diffusion with reflection, since PX(-) cannot move out beyond the positive orthant (R )"~!.
In Chapter 3 we will consider again the n—dimensional process X(-), where PX(:) behaves
exactly like the reflected multidimensional diffusion which we describe here. Thus, out goal here

is to understand the multidimensional diffusion with reflection on the positive orthant.

Stroock & Varadhan [54] dealt with a class of multidimensional diffusions with reflection in
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a bounded smooth domain in a general setting where diffusion coéfficients, drift coéfficients and
directions of reflection are bounded and continuous functions of the time and space parameter.
Tanaka analyzed multi-dimenional diffusions in convex domainwith normal reflection [57]. Lions
& Sznitman [43] studied diffusions in non-smooth boundary with non-smooth vector fields which
can be approximated by smooth domains and smooth vector fields. Harrison, Reiman & Williams
characterized the multidimensional diffusions on the positive orthant in a series of papers [18]

[19] [20] [61]. We follow their results and state some extensions of their results.

2.3.1 Multidimensional Skorohod problem

Following Skorohod’s approach [52] in Proposition [Z] of construction of one-dimensional diffu-

sions with reflection, we seek a pair of process (A(:),Y(:)) defined by

(2.47) Y(#)=Y(0)+ 1)+ (I—P)A() €6; 0<t< oo,

that satisfy the following conditions below. Here £ := {£(t) : 0 < ¢t < oo} is an (n —
1)—dimensional diffusion on R"~! starting at zero; the ((n — 1) x (n — 1)) matrix P has
non-negative elements with zeroes on the diagonal and spectral radius strictly less than one; and
I is the identity matrix, as usual. The i—th element A;(-) of (n —1)—dimensional process A(-)
is continuous and nondecreasing with A;(0) = 0, and A; increases only at those times ¢ where
Yi(t) =0, for i =1,...,n— 1. We call the process Y (-) the reflected Brownian motion on &
generated from £(-) or diffusion £(-) with reflection. The ((n — 1) X (n — 1)) matrix I — B
represents the direction of reflection.

The essential question on (247 is the following: given the diffusion £(-) and the matrix B
how can we control A(:) so that Y'(-) always stays in the positive orthant &7 The following

Proposition 2.3 is due to Harrison & Reiman [18].

Proposition 2.3 (Harrison & Reiman[I8]). For the diffusion &(-) starting at £(0) € &, there
exists a unique pair (A(-),Y(-)) of continuous processes that satisfy the above conditions. More-

over, we can write

(2.48) Al = T(E), V() =T+T)(EL); 0<t<oo,
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where ¥ s a continuous mapping such that

A(t+60) — AB) = T(Y(0) + £(t + 0) — £(6))
(2.49)

Yt+0)=T+U)(Y(O)+£E+0)—£0); 0<0,t<oo.

Directions of reflection on each face

Let (e1,...,en,_1) be the orthonormal basis of R"~!  where the ey is (n — 1)—dimensional
vector whose k-th component is equal to one and all other components are equal to zero, for

k=1,...n—1. The above reflected Brownian motion reflects on the (n — 2)—dimensional faces

$1,--.,8n—1 of the the non-negative orthant, given as
n—1

(2.50) Fi= {Z:ﬂkek:xk>0f0rk:1,...,n—1, xizo}; 1<i<n-—1.
k=1

Let us denote the (n—3)—dimensional faces of intersection by 89 =8iNg; for 1 <i<j<n-—1
and their union by §° := U1§i<j§n71;§?j . Let n; denote the inward unit normal to the face J;,
and g; be the i—th column of ((n —1) x (n — 1)) matrix 9, so that t; :=n; + q; becomes the
direction of reflection of Y(-) in (Z41) on §; for i =1,...,n — 1. The (n — 1)—dimensional
vectors t;, ; and n; represent the direction of reflection, its tangential component, and its
normal component on face §;, respectively, for each index i = 1,...,n — 1. Let us write

N .= (n1 --~nn—1) .

2.3.2 Submartingale Problems for Smooth Case

Now let us formulate submartingale problems. Since the positive orthant & has non-smooth
boundary, it makes our journey longer to take care of the non-smooth part. We first discuss
a submartingale problem for a smooth domain and a smooth vector field, following Stroock &
Varadhan [54]. Then we approximate the process Y (-), the domain & and reflection vector field

N + Q. Here is the result for the smooth case.

Theorem 2.4 (Stroock & Varadhan [54]). Given C?(R™)—function ¢ : R™ — R, define a
smooth domain G by G := {x € R" : ¢(x) > 0}. Assume that |V¢| > 1 on G = {z €
R™; ¢(x) = 0}. Define bounded continuous functions a : G — R*™™ b : G — R" and a
locally Lipschitz, bounded vector-valued function v : 0G +— R™ with (y,V¢) > c¢ in 0G for

some positive constant ¢. Assume that the covariance matriz A(-) = (a;;(-) )=y is strictly

n
)=
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positive definite. Then, there exists a unique probability measure P on (Q,F ), such that
1. PYt)eG)=1

2. for any C2(R™)—function f(-) which satisfies (y(-), f(:)) >0 on OG, the process defined

by
t n 82
s o) - [ ;idzlaij<Y<s>> Foa (V) Liyoeay dsi 0=t <o

is a P—submartingale.

Remark 2.6. In Theorem [Z4] the coéfficients a(-), b(-) and 7(-) may depend on the time pa-
rameter as well, i.e.; a:[0,00) x G +— R"*™  p:[0,00) x G+— R™ and v :[0,00) x G — R"
with some modifications in (2.51))

Proof of the above Theorem [2.4] consists of two parts, namely, (i) construction of probability
measure given by the following recipe in Lemma and (ii) uniqueness of interior process from

martingale problem discussed in Chapter 1 and uniqueness of boundary process explained in

Lemma 2.8

Recipe of submartingale problem for the smooth case [54]

e Cadlag Process of jump size §. Given the initial point y € G of the process Y (-),
choose g > 0 such that y+ d~(y) € G for 0 < § < dg. Define a transition probability
measure Q(s,y,t,I") for the Markov process { Qg(t) } on the space D([0,00),G) of cadlag
functions w : [0,00) — G, i.e., right continuous functions with left limits, by
(2.52)

Q(s,y,t,I) = {lref(tfs)/‘s +67" /t e 0 1p (y + 64(y)) ds} Loc(y) + 1rnc(y);

S

for (s,t) €[0,00)%,y € G,T' C G. Then, for f € C2(R™) the process defined by
(2.53) M@(t) == f(Y (1)) —/O Loc(Y(s)) - 0 [f(y+5v(Y(5) — f(y)]ds; 0<t< oo,

is a Q2 —martingale.

(4) A

e Patchwork. For s > 0 let P_ ) be the Markov process on D([0,0),G) associated

with the diffusion coéfficients A(z) = (a;(z))1<ij<n obtain from martingale problem
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in Chapter 1, and define stopping times 7—1 = 0, 79p := inf{t > 79p_1 : Y(¢) € G} and
Toey1 = nf{t > 100 : ||[Y(¢)=Y (720)|| > 0 /2, }, recursively. We prepare c—fields M, :=

o(Y(u),s <u <t) with completion and paste together a process associated with a sequence

of probability measures P() and P° in the following way. Put P~! := IP’ES‘)UE). PO =

]P’E(Z)Z;)l) on M(0,72.-1), and given M(0, T2¢—1), require the regular conditional probability

(4)

(20+1) ._ m(20)
Toe—1,Y (T2e—1) ° =P

distribution of P29 is P Then, similarly we require P (0,z) O
M(0,72¢), but given M(0, 1o¢), require the regular conditional probability distribution of

PR be Q‘(ST2£1Y<TM). Finally, require IP’Z =P® on M(0, 7).

e Limit as § | 0. Then, for f € C?(R") the process defined by

t n 2
M) = 1 0) - [ 16 ()3 Y God (v (s)ds
(2.54) 0 ig=1

- / 1o6(Y(s)) 671 [f(y + 5v(Y(5)) — f()]ds; 0<t<oo

is P’ —submartingale. For any sequence {d, | 0}72, , there exists a probability measure P,
on C([0,00),R") such that P} — P, in D([0,00),R") as £ — oo. Under P,, My() :=

lim,, oo M?" () is a submartingale.

O

For f e CZR"™) with (y(-),V f(-)) >0 on dG, the process My(-) is a submartingale, and
hence by the Doob-Meyer decomposition theorem, there is a unique integrable, non-decreasing
adapted continuous process As(-) such that M(-) — As(-) is a Py—martingale.

Moreover, take any compact subsets K(C G) and U(C G) with K C U. Define 7y := inf{t >
0:Y(t) e K}, mopp1 :=inf{t > 799 : X(t) €U}, Top:=inf{t > 7991 : X(t) € K}; £>1.
Then, My(tAToe41)— M (tAToe) is a Py—martingale and hence, sois Af(tAToer1) —Ap(tAT20),
which implies that Af(t A Tae41) = A(t A 7a¢). Thus, the process Ag(-) only increases at the
time ¢, when Y (t) € 9G, i.e., fg 1x(Y(s))dAs(s) = 0. In other words, the process Ay(-) is

characterized by the boundary 0G = {x € R™ : ¢(x) =0}. In fact, we can verify

(2.55)

dAf(.) _ <77§f>(y(.)); in R,

dAy (7,

This absolutely continuity leads the following Lemma result.
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Lemma 2.7 ([54]). Under the probability measure P, pieced together from the above recipe there

is a unique, continuous, non-decreasing, adapted process A(-) such that

T 0= [V 0] 05 in R and the process

F0) = [ 160D 5 3 G ds = [V ) aae: 0<t<o.

is a Py—martingale for all f € CZ(R™) with (v(-),V f(-)) > 0. Moreover, the Laplace trans-
form of A(:) is finite, i.e., E[exp(AA(t))] < oo for A >0, t>0.
Boundary process

Now suppose that Y'(¢) is on the boundary 0G and let us consider the process Y (s) afterwards
for s > t. Define a new clock 7(6) := sup{s >t : A(s) < 6} for § > 0, and an (n +
1)—dimensional process n(8) = (7(0),Y(7(0))) for 0 < < co. Let us call n(-) the boundary
process of Y (). Note that 7(¢) is not a stopping time with respect to M(0,¢) but an optional
time.

In order to look at uniqueness of the boundary process 7(-), define
(2.56) ut,y) =E,[f(7(0),Y(7(0))]; feC?(0,00)xIG), t,0>0

Such u( -, -) has bounded continuous special derivative of the first order, which is verified through

the theory of partial differential equations [4I]. We may verify that

@5T) 00) =~ [ (GO (7(6) . G (r(s) Y (r(6) + G (7o) Y (o)) dsi 0=t <o

is a P, -martingale. Thus, we consider a martingale problem

Problem 7 (Martingale Problem for the boundary process). Given y € G find a probability

measure P on D([t,00) x OG) such that
1. P(r(0) =t,Y(r(0)) =y) =1,
2. for any f € CY%([t,00) x 0G),

F00) = [ (0 (761 G0 Y () + G (9 Y (o)) i 0t < o0
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is a P, martingale to the natural o—algebras M(0,0) . Here let oo be an absorbing state,

since 7(6) is unbounded.

Lemma 2.8 ([54]). The solution to martingale Problem [l is unique. Moreover, the solution of

submartingale Problem up to exit time from G is unique.

Then, the submartingale Problem in Theorem [2.4] is well-posed. Therefore, Theorem [2Z.4] is

shown.

2.3.3 Submartingale Problem for Non-smooth Case

In this section we study submartingale problems for the non-smooth case. Our goal is to verify
Proposition 2.4 which is a natural generalization of beautiful results obtained by Williams [61].

Let us consider the smooth part E := EOBU( Ui[Ti\U;2iFi;]) of the positive orthant &, where
§: and §;; are defined in (Z350). The difficulty lies in the boundary behavior of diffusion with
reflection. We use the results from the previous Section to approximate non-smoothness.

Attainability and recurrence properties play important roles.

Diffusion operator with bounded drift and boundary operator

We consider differential operators A, D defined by

1 n—1 62¢(Z‘) n—1 8¢ )
Ao(z) = = g a;; + E bi(x)=—; ¢€CF(R) on &,
(2.58) 2 ij=1 7 Oxi0z; i=1 O

D¢(m)::<ti,V¢>(x) ong;,i=1,...,n—1.

We assume that the drift coéfficients b : R*~! = R®~! are bounded, as in Chapter 1, and the
((n—1) x (n — 1)) variance-covariance matrix A := (a;j)1<; j<n—1 is fixed and positive-definite.
Harrison & Williams [19] [20] [61] studied the case of constant drift coéfficients b(-) = b. In this
section we generalize their results.

The diffusion () associated with the differential operator A is of the form

(2.59) f(t):§(0)+oB(t)+/0 b(&(s)ds; 0<t<oo,

where ((n — 1) x (n — 1)) matrix o is positive square root of oo’ = A, and B(:) is an (n —

1)—dimensional Brownian motion. Since these parameters (0,9, , A, b(-)) affect the property
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of the diffusion Y'(-) with reflection in (2.47) and [2359)), let us call (N, P, 0, A,b(-)) the data

of the process Y(-).

Remark 2.7 (Rotation and scaling). Let U be a unitary matrix whose columns are orthonormal
eigenvectors of the variance-covariance matrix A corresponding to (Z58]), and let £ be the
corresponding diagonal matrix of eigenvalues such that £ = U’AU . Note that all the eigenvalues
of A are positive. Define B(:) := £~/2USB(-), which is another standard (n—1)—dimensional
Brownian motion. By rotation and scaling, we can transform the diffusion with reflection into a
standard Brownian motion with reflection. Let us define the ((n—1) x (n—1)) diagonal matrix

with the same diagonal elements as those of A by © = diag(A). |

With this preparatory notation, we can state a generalization of submartingale Problem [0] in
Section2:2l Williams [61] shows existence and uniqueness for the submartingale problem below in
Proposition 2.4, when the drift coéfficients are constant, i.e., b(-) = b, and the variance-covariance
matrix is the identity matrix, i.e., A = I, and moreover, the directions of reflection satisfy the so-
called skew-symmetry condition (Z.63) below. Once one realizes the idea of Girsanov’s transform
in Lemma [Z.9] below and the skew-symmetry condition in Remark 2.8 below, one can show the
statement of Proposition [I4] if the function b : R*™! = R"™! is any bounded measurable

function and the skew-symmetry condition ([Z.60) holds; See also Remark

Proposition 2.4. Assume that the data (M, P,0Q,A,b(:)) satisfy the element-wise equations
(2.60) (2©—m©—m3—2,4)”=0; 1<i,j<n—1,

where © = diag(A), B is specified in (ZZ0), N and Q are directions of reflection explained in
Section 237, and moreover assume that b(-) is a bounded measurable function. Then, there is

a unique probability measure P, on (2, F) such that

2. for each ¢ € C?(&) that satisfies Dy >0 on IS, the process

(2.61) oY (1)) 7/0 Ap(Y(s))ds; 0<t<oo

1s a Py—submartingale, and



36

3. the process never attains the non-smooth part S\ E of &, i.e., Py(1T < 00) =0, where

(2.62) T:=inf{t>0:YWt)€E,}.

Remark 2.8 (Skew symmetric condition). If the covariance matrix is the identity, A = I, the

equation (Z260]) takes the form
(2.63) NA+QN=0.

This reduced condition is called skew-symmetry condition in [19]. With this observation and
Remark 27 it is natural to consider the case A = I, first and then transform the system by

rotation and scaling for the non-identity matrix A. O

To show the above Proposition [Z4] we need preparatory lemmata. First, by an application

of idea of Girsanov’s theorem we obtain Lemma [2.0]

Lemma 2.9 (Girsanov’s change of measure). Let y € &. If a probability measure P, satisfies

the above conditions of Proposition 2.4, then

(2.64) M(t) == exp(—/o o b(Y () 1y (s)es) d B(s) +%/0 ||b(Y(s))||2ds); 0<t<oo,

15 a Py—martingale and there is a unique probability measure I@y such that

P,

2. —= =
(2.65) iF

M@t); 0<t<o0.

Conversely, if I?’y satisfies the above conditions of Proposition[Z4] for b(-) = 0, then the reciprocal

[M()]7! is a ﬁy—martingale and there is a unique probability measure P, with (ZG0)).

Remark 2.9. Thus, it suffices to consider the case of zero-drift, i.e., b(-) = 0. Moreover, because
of Remark [2.8] we can assume the variance-covariance matrix A = I. It follows from Theorem
23lin Section that when n — 1 =2, Proposition 2.4l holds. Proof of Proposition 2.4l is given

by mathematical induction.

Let us introduce several families of probability measures, in addition to P, and ]}vby in Lemma
29 namely, a family {P™; m > 1} of probability measures until some exit times T, , defined

in (2869), from smooth domains &,, in (Z66), its adjoint family @Z"b of probability measures
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corresponding to adjoint reflection vector T defined in (2.69), and probability measures P™ and
P for the first exit time 7 from the smooth part E defined in Proposition [2.4]
Probability distributions until the exit time from &,

Let by &,, a sequence of non-empty bounded domains with C®—boundary, such that

G C6h1 C6G, 06,,N [& \ U#i&-]—] 7& @,
(2.66)

G =U 6, 06NE=U2_(06N0G,).

n—1

Denote by n,,(-) the inward unit normal vector field on 0&,,, and t,(-) := > .7 15,()
be a (n x 1)—dimensional C?—vector field on 9&,, such that (n,,(-),v,(-)) = 1, and another
(nx1)—dimensional C?—vector field qu,(-) := t;(-) =y (-) on 96, satisfies the skew-symmetry

condition, introduced in Remark 2.8]

(2.67) (i (2), qm(¥)) + (@m(2) ;100 (¥) = 00 (@) g (y) + dm(2) 0 (y) =05 2,y €6y,

for m > 1. Define the stopping times
(2.68) T =inf{t>0:Yt) €6, U(06,N6)}; m=>1.

Since the boundary 0 &,,, of domain &, the normal vector field n,,(-), the tangential vector
field g,,(-) and the reflection vector field t,,(-), are all smooth, and moreover, the domain
S, is bounded, we can apply Theorem [Z4l We obtain a probability measure P™ on (Q,F)
associated with the drift-less Brownian motion on &,,, starting at y with reflection vector field

ty(c) on 06,,.

Adjoint probability distributions until exit time

Similarly, we can define another family

(2.69) (M () =0 (), A () = =dm (), T () = 0n () — dm ("))

of smooth vector fields on 06, for m > 1. They are called the adjoint reflection vector fields,

since t,,(-) and T,,(+) are in adjoint relation. The significance of such adjoint reflection vector
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fields is studied in Section 2.4l Note that they satisfy the skew-symmetry condition:

(2.70) (M (), Gm () + (@m (), B (1)) = B () A () + A (2) B (y) = 05w,y € 06y

Let us define by {@3’7 } the family of probability measure on (Q2,F?) associated with the
same Brownian motion in &, having the adjoint reflection vector (), and by }7’”() the

realization of Brownian motion with reflection associated with {@Z‘ ,YE Sy, for m>1.

Probability distribution until the first hitting time 7 of non-smooth part

Let E9 := EU{0} where 0 is a cemetery point isolated from &. Similarly, we extend the
definitions of the space to Q := {w € C(E?) : w(s)=0,s5>7} , F? be a o—field generated
by Q° with filtration {F) };>0. There is a unique extension P7" on (Q2,F9). Then, the
family {IE”ZT| Fp oM > 1} of probability measures induces unique probability measures P7 on
(Q2, F9) such that Py =Py on FO for y € &, and for all m sufficiently large. We define
P} to be the unit mass at the cemetery point 0. Then, the family {P],y € EUQJ} has the
strong Markov property.

In order to show Proposition 24 it suffices to show that the process Y(-) never attains the

non-smooth part &\ £ under P, i.e.,
(2.71) Py (r<o0)=0; ye6.
In the same manner, we can introduce P associated with the adjoint vector fields.

Size of reflection on the boundary

Assume b(-) =0 and A = I, in addition to the assumptions on the skew-symmetry condition
253). One of the important points to show ([271)) is to control the size of reflection, since the
direction of reflection is given by v, =n; +q; on F; for e =1,...,n—1.

The key estimate is the following Lemma 210

Lemma 2.10 ([61]). Consider the diffusion part &(-) defined in (Z259) and the non-decreasing

continuous adapted part A(-) of Y(-). For each ¢ > 0, there are to > 0 and § € (0,¢) such
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that for each y € & satisfying ||y|| <, we have

(2.72) P, ( max [£(s)| < c,[A(to)] <) =46.

0<s5<tg

In general, tg and & depend on c,M,Q and the dimension.
Remark 2.10. When n — 1 = 1, it follows from Skorohod equation (2.1) that the continuous
non-decreasing process A(-) can be written as

(2.73) A(t) = max|0, Orélsigt(y +£(5))] < max [£(s)].

T 0<s<t

Hence, there exists ¢y such that

(274) P,(max [€(s)] < . |A(to)] < ) = Py max [€(s)] < ¢) > 6 >0,

for some positive number §.
The proof of ([Z7]]) follows by mathematical induction on the dimension n—1. Let us assume
that we can show Lemma [2.I0 for the reflected Brownian motion of all dimensions less than or

equal to k(< n —2). Our task is to show Lemma for dimension £+ 1. O

Given a point z € &\ {0}, there is a sufficiently large m and small §(z) such that an open

ball B,(d(z)) of radius §(z) > 0 with center at z is contained in &,,. Then, for y € B,(§(z)),

the process Y () behaves like a driftless (n — 1)—dimensional Brownian motion up to the time

inf{t >0 : Y(t) € B.(6(2)) } < Ty, and hence, there is a smaller number 6(z) < §(z) for a

smaller ball B,(d(z)) C B.(6(z)) and a positive time ¢(z) > 0 such that

275 Py (Y(tAinf{t >0 : Y(t) € B.(0(2))}) €E fort>0) =1,
‘ ]P’;( inf{t >0:Y({#) € B.(6(z)} >t(z) ) >26(2); ye€B.(6(2)).

Let us define a subset 6. r:={y €& : e <|ly|| < K} of & for 0 <e < K < oo and the first

exit time from it:

(2.76) e =imf{t>0:Y({t) €6, k}.
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It follows from (2.77]) that
(2.77)
Py (112,22 8(2)) 2 Py(inf{t 2 0 : Y(t) & B2(6(2))} 2 #(2) ) 2 0(2); y € B:(6(2))NG.

Now take an open cover {B,(3(z)); z € & with |z|| = 1} of the compact set {z € & with ||z|| =
1}. By Heine-Borel theorem, there is a finite sub-cover B,,, i = 1,...,¢. Taking constants
Jo == miny<;<¢6(2;) and ¢y := minj<;<¢t(z;), we obtain a uniform estimate of exit probability
from 61/2 2

(278) mf P;(Tl/g 2 2 to) Z 50 .

llyll=1

Intuitively, this means that with positive Pj —probability, the process moves slowly in &;/5 o in
the sense that the reflection near the non-smooth part on the smooth boundary is not so large.

Using a scaling property between P} and PY, for A > 0 with this observation, we want to show
(2.79) E;[exp<f/ ||Y(s)H*2ds)} —0; yek.
0
Then, we obtain
(2.80) Pi(s(t) <7 fort>0)=1; yek
where s(-) is a change of clock that controls the distance ||Y(-)|| of Y'(-) from the origin,
¢

(2.81) o) ::/ YV ()|2ds, s(t):=inf{s >0 : O(s) >t}

0

In fact, we may show the following Lemma Z.TT]

Lemma 2.11 ([61]). The process always stays inside the smooth part E of & wup until the

stopping time 7. k of (2.70), t.e.,
(2.82) PLY(tANTe k) €EE fort>0)=1; ye&.

Then, by the scaling property between Pj and P}, for A > 0 we obtain another scaling
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property:

B3, e (= [ IV ds)] =55 [exn (- [ AZTHAY(A%)nst)}
=57 (= [ vl ds)]

and so,
sup E7 | ex —/ Y(s)]|72ds )| = su ET ex / Y(s 2ds .
sz B ew (= [ IvElds)] = e, p(= [ IVl 2ds)]
yeE

Moreover, by the strong Markov property, we obtain

£y [ exp ( /||Y 2 ds)]
~Eyfew (- [ Y G2 ds ) B e[ e (- / v (s)2as)] ]

Combining this with ([2:83)), we obtain

sup E7 [ exp / 1Y (s)I~ 2ds ]— sup E7 exp(—/THY(s)H*st)}
0

ver =
Y
(284) T1/2 2\t ) , ,
< sup ET exp / Y ()l “ds 'Sup]ET exp 7/ Y(s)\~2ds '
Ivl=1 slow (- A )| pep e ( Yl )]
ye

It follows now from (Z78)) with 6(z) < 1/2 that

T1/2,2\to
sup IET[exp( /0 ||Y(s)||_2ds)}

llyll=1
yek

S sup ]P)T(Tl/Q,Q < to) + PT(T1/2 2 Z to) exp(ftg /4)
(2.85) Hyllzl[ ! Y }

= Hstlllp 1- Py (11722 > to) (1 —exp(—to/4)]
yl|=1

<1- 60(1 - exp(—t0/4)) <1

For both (Z84)) and (2]5) to hold, (Z79) must hold as well. Thus, we obtain ([2-79) and hence
2.30).

It follows from (Z80) that if the process Y () hit the non-smooth part of &, then the process



92

would hit the origin in the limit as ¢ T 7, i.e.,
(2.86) P;(T<oo)gP;(lir?TianY(t)H =0); yekE.

In the following subsections, we rule out the possibility that the process can come to the
origin, i.e., we show that the right-hand of (28] is zero, using stationary distributions with
adjoint relations and Hopf’s decomposition theorem. Then, we come back to show Lemma 210

for dimension k + 1 as it is explained in Remark 210

Adjoint stationary distributions

In order to show that the right-hand side of (2:86]) is zero, we deploy recurrence properties of
Brownian motion with reflection on smooth domains. In Section [2:4] we discuss those properties.
Here we explain their consequences.

Let us recall the adjoint Brownian motion }A/() with the adjoint reflection vector fields (2:69)
on the smooth bounded domain &,, under the adjoint probability distribution @’y’” for m>1.
We assume that the skew-symmetry condition (2.70) holds for the adjoint vector fields. We

extend the definition of Y'(-) on Q9 to get Z(-) defined by

(2.87) Z(t) =Y (s(t)) Lyo<t<co(r—)} + 0 - lpp>o(r-)}

where O(-) and s(-) are defined in ([280). It follows from Lemma 2T1] that the process Z(-)
stays in the smooth part, i.e., Z(t) =Y (s(t)) € E for 0 <t < oo,y € E under P} . We define
Z(-) for Py .

Assume n—1 >3, b(-) =0 and A = I, because of Remark Nagasawa [45] showed
that the stationary distributions of the original process Y under P™ and the adjoint process
Y under and P™ have duality relative to a Radon measure p(-) on &. The Radon measure
p(+) has density |jy|=2dy. In Section 2] below it is shown that the stationary distribution of
Y under P™ is uniform on &,,. See Lemma 214l These observations can be applied to the

extended processes Z(-) and Z(-), and hence, we obtain the following duality relation:

(2.88) /G Ey [ f(Z(t)]g(y) IIyII_Qdy=/ Ey[9(ZO) W) [yl dy; t20, y €&y,

m

for all continuous functions f(-) and g¢(-) having compact support in R"~!. By taking limits
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on both sides as m — oo, we obtain

(2.89) /GEy[f(Z(t))]g(Z) Iyl dy = /GIEy[g(Z(t))]g(y)Hyll‘zdy; t>0, yek,

for the functions f(-) and ¢(-) in same classes of functions in (Z38).

An application of Hopf’s decomposition theorem

This [289) shows that the Radon measure p(-) is an invariant measure for a Markov chain
w(w) == {w(i) =w(,w) €6,i=0,1,2,...} on (Q,0(8Y)) with one-step transition probabil-
ities Q(y, dz) =P w(i+1) € dz|w(i) =y] for (y,2) € &*,i=0,1,.... Let us define the
probability distribution on the path space &Y of the Markov chain w := {w(i)} with the initial
distribution p(-) by P,, a nonnegative p—integrable functional ¢ : G +— R, on the path space
SN, ie., p(w) = p(w(0),w(l),...), with E,(p(w)) < oo, and the shift operator T on the class
of such functionals : Tp(w) = (w(1),w(2),...).

Here we use the following consequence of Hopf’s decomposition theorem.

Theorem 2.5 (Theorem 2.3 of Revuz [50]). For the shift operator X, there exists a conserva-
tive subset C of G, unique up to equivalence, such that for every non-negative p—integrable

functional ¢, we have
(2.90) Z‘Iigo(w) =0 oroo ifweC, ZTicp(w) < oo ifweCe.
i=0 i=0

Take ¢1(w) := 1,1y (w(0)) in C and pa(w) := 1 1)\By(1, ) (w(0)) for j > 2 in C¢, where
B, (r) is the ball of radius = with center at x. Those functionals are p—integrable if n —1 > 3,

ie., Eylpe(w)] < oo for £ =1,2. Then, we obtain

Z 1p,(1y(w(i)) =0 or oo on C
(2.91) 0

> Apanseyp(w(i)) < oo on €% j>2.
=0

It follows that P,(limsup;_,..[|w()|[| =0) =0 and hence

(2.92) P7 (limsup||Z(i)]| =0) =0p—aey € &.

1—00
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Now let us recall the definition of 7. i for 0 < e < K < oo in (276]). By the scaling property

and (Z78) we have

(2.93) do < inf PL(T1 /2,275 23 2to) -

lz|=1/3
Defining recursively the stopping times o7 := inf{t > 0 : Y(¢) € Bo(1/j) N E}, 7 := inf{t >
o1 :Y(@t) e E\Bo(1/(2§))}, os:=inf{t > 7,1 : Y(t) &€ Bo(1/j)NE}, 7 :=inf{t > 0,1 :

Y(t) e E\Bo(1/(24))} for i > 2, j > 2, we obtain from the Strong Markov property
(2.94) i 1{o-i<oo}IP7}—/(o_i)(Tl/(2j)72/j >t) < i Py (oi <oo,m —0y 2 t|Fy, ).
i=1 i=1
Then combining with ([Z93]) and an extension of the Borel-Cantelli lemma, we get
{iminf[Y ()] = 0} {lim sup [V (£)[| = 1/5 }
C{iﬂ";(oi <o00,Ti— 0y > o | Fy,) = oo}

i=1

={0i<o00,7—0;>j g io. ini} C{r=00}; Pj-as.

With this and (Z92) together yield
{lminf Y ()] = 0} = U, [{iminf|Y ()] =0} 0 {limsuplY (0] > 1/7}) € { = o0}

Pj-a.s. and p—a.e.y € E. Combining this with ([286), we obtain {7 < oo} C {7 =00} mod
P7. This is not a contradiction only if P} (7 < c0) =0 for y € &. Let us summarize the above

argument.

Lemma 2.12 ([61]). Assume b(-) =0 and A =1, and moreover assume that Lemma[ZI0 is true
for all dimensions less than or equal to k(< n—2). Then, (ZX1)) holds for the (k+1)—dimensional

Brownian motion with reflection never attain the non-smooth part of &, i.e., P,L—(T <o0)=0

for y e & C RFFL,
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2.4 Ergodicity

2.4.1 Smooth Bounded Domain

Let & be a nonempty bounded domain in R"~! of class C?**. Let n(-) denote the inward unit
normal vector field on the boundary 96 of &. Let us define the reflection vector field v(-) of
C1*e such that (x(-),n(-)) = 1. The vector filed q(-) :=t(-) —n(-) is the tangential component
of t(-) on & . The drift coéfficient b(-) is assumed to be a constant b in this Section ZZIl We

see a generalization in Section 2.4.2]

Differential operators

We define the differential operator .4; which corresponds to the (n — 1)—dimensional Brownian
motion with drift rate b in the bounded smooth domain &, and the differential operator D'

on the boundary & by

Aip() = 586() + (5, V() in &,

Dlo() = (x(), V() = (n(-), Ve () + (a(-), Voo — (n(-) , Vig)n(-)) on 96,

(2.95)

where A is the (n—1)—dimensional Laplacian operator for ¢(-) € C?(&) Their adjoint operators

A, and D! are defined by

Aip() = 3 A0() ~ (5, V() i &

Dlo(-) = (€(), V() = (n(), Vo)) = (a(), Voo = (n(-) , Vig)n(:)) on 96.

(2.96)

Remark 2.11. The above set-up makes it possible to use the following result on the Dirichlet
problem with oblique reflection in smooth bounded domain. For the non-smooth domain we take

another approach to get the basic adjoint relation in Section 2.4.2] O

Problem 8 (Dirichlet Problem with oblique reflection [16]). For every h(-) € C%(&), A >0,

there exists f(-) € C?*T*(S) such that
(2.97) AL f()=Af()—h() in&, D f()=0 onG&.

This is true for the adjoint operators .%All and D! , i.e., there exists the solution fe C?(3).

Weiss [60] was the first to show that the Brownian motion with reflection on the bounded
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smooth domain has a unique stationary distribution. In this section we show that under the

skew-symmetry condition

(2.98) (n(z), ay)) + (a(z), n(y)) =0; 2,y €96,

the stationary distribution has a density of exponential form.

Basic adjoint relation

In Proposition 4] of Section 232 we saw the (n—1)—dimensional Brownian motion with smooth
reflection vector field on the smooth domain is well defined as the solution of the submartingale
problem. Let us denote by P, the solution of the submartingale corresponding to the differ-
ential operators 4; and D; in (Z95) with the initial point y € &. By the submartingale

characterization,

(2.99) f(Y(t))—/O AF(Y(s))ds: 0<t< o0

is a IPy—martingale for every f € C?*¢(R") with D' f = 0 on 9&. Note that because of the
boundary condition D! f =0 on 08, it is not only a submartingale but a martingale.
Take the solution f(-) in (Z97) of Dirichlet problem B in Remark 211 for A > 0 and

h e C*(R"1). By Ito’s formula,

(2.100) e‘“f(Y(t))—/o e‘“(—)\f—&—Alf)(Y(s))ds:e‘”f(Y(t))—/O e h(Y(s)) ds

is another P, —martingale starting at f(y). Then, taking the expectations and letting ¢t — oo

we obtain the resolvent operator

(2.101) fly) =E, {/000 e A h(Y(s))ds| = Ryh(y).

The stationary distribution has density function p(-) if and only if

(2.102) LB O du = [ nwp)dys he (@), e,
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This is equivalent to

(2.103) )\/ fly dy—/\/ Rah(y dy—/ h(y)ply)dy,
because

/00o dse”\s/Ey(h(Y(s)))p(y)dyZ_/é dyp(y)Ra(y)

S

/O“dse“/h@)p(y)dyAl/h@)p(y)dy.

S S

(2.104)

Thus, it follows from (ZI03) that for f € C?*t%(&) with D' f =0 on 9&, the density function

p(-) of the stationary distribution satisfies

(2.105) /G AL ()] p(y) dy = /6 (\f — B)(w) p(y) dy = 0.

Conversely, by the uniqueness of the inverse Laplace transform, if a nonnegative function p(-)
satisfies (2.103]), then p(-) is the probability density function of the stationary distribution. Thus,
([2105)) characterizes the density function p(-).

By Green’s theorem and the divergence theorem, we obtain

(2.106)
[ flpwdy = [ o) Apmidr+g [ (55w GE -2 ) @) v(dn)

* 5/86 [(% =4 Vrp—(Vr-a+20, n>))(y)f(y) —p(y)le(y)} v(dy)
/6[21P(9>]f(y)dy+;/86 (61]3 *(VTq+2<B, n>))(y)f(y)v(dy), f602+a’

from (ZI05) where for simplicity we use the notations

(2107)  P20) = (), Vel)), Vre()i=Vel) —n() (), Vo()): peCH(8),

Vr - q is the divergence of q(:) on the boundary d&, and v(dy) is the (n — 2)—dimensional

surface measure. Thus, ([2.105) is equivalent to

(2.108) Ap()=0 in &, Dyp() = (Vr-a()+2(b, n(-))p() ond&.
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Moreover, this is equivalent to the basic adjoint relation in [20]:

@19 [ U@k@ g [ s@D ) ) =05 [ eC®).

Now we use the following Lemma [2.T3] to obtain a solvable

(2.110) Aip()=0 in&, D'p(-)=2(b,n(-))p(:) ond&.
Lemma 2.13 ([20]). The skew-symmetry condition ([298)) implies V1 -q(-) =0 on 0& where

q(-) is the vector field tangential to the reflection vector field v(-).

In fact, for each y € 9&, consider an orthonormal system o1,...,0,_2 to the boundary
06 at y and the covariant derivative D, in the direction o; for i =1,...,n —2 [2I]. By the

definition of divergence Vr -q of the vector field g(-) on the boundary at y is

n—2 n—2
(2.111) Vr-q(y) = Z<D0i q(y), 0;) = Za)oz‘ a(y), n(y;) ),
i=1 i=1
where yF € 06 is chosen so that o; = n(y}) for i =1,...,n—2. The skew-symmetry condition

[2398]) implies

(Do ay), n(y;)) = —(a(;) » Do,n(y))

(@(yi), 05) = (aly; > n(yj)) = —(n(yi), aly;)) = —(oi, a(y;) ) -

(2.112)

Since D,,n(y) lies in the tangent space to 0 & at y, it can be written as D,,n(y) = Z;le ¢i;j(y)oj
for some coéfficients ¢;;(y) which are symmetric with ¢;;(y) = 0 in the second fundamental form;

See [21I]. Then, we obtain

n—2 n—2

Vr-q(y) = Z<qu(y) ,n(yp)) =— Z(Dom(y) La(y))
n—2n—2 n—2n—2

(2.113) == > cis®iog, ali)) =D ciioi, aly;))
i=1 j=1 i=1 j=1

n—2n—2

=S5 cily)logay)) =0,

i=1 j=1

since the last summation consists of skew-symmetry summands. Thus, Lemma 2.3 is shown and

hence we obtain (2110).
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An Ansatz for the solution p(-) of (ZII0) is of the form p(y) = c exp({vy,y)) for y € &
and some vector 4 € R"~1 with some constant c. Substituting this into (ZII0), with ([296) we

obtain
(2.114) SIAI7 = (5,4) =0, {(n()—a(), %) = Vr-a() +2(b, n() on 9.

If the drift vector is zero, i.e., b = 0, then so is 4. Thus, we obtain the following Lemma 214l
This fact is explained with relation to adjoint stationary distributions P” and @@T/ in Section [Z.3.3]

already.

Lemma 2.14 ([20]). The no-drift (b= 0) Brownian motion with the above smooth reflection

t(:) in the smooth bounded domain & has uniform stationary distribution.

If the drift vector is non-zero, we choose some points y™), ... 4™ D on & such that
n(yM), ..., n(y™ V) are linearly independent. Define ((n — 1) x (n — 1)) matrix whose ith
column is n(y®) (respectively q(y?)) by M (respectively Q). Then, II4) holds only if

(2.115) (I-N"1'Q)y=2b.

If T —9°'Q is invertible, then

(2.116) Fy=2I-N""19Q) ",

and hence the first equation in (ZII4) implies YN 1 Q4% = 0. This holds for all ¥ € R*~! if
and only if 97! Q is skew-symmetry. Conversely, if M~ Q is skew-symmetric, then 7 —N~"'Q
is invertible. This is equivalent to M’ Q being skew-symmetric. It can be shown that if there are
two ((n—1) x (n—1)) matrix Q and N satisfy the skew-symmetry condition QN+N'Q =0,
then there exist a unique vector fields n(-) and q(-) satisfies the skew-symmetry condition (2.98])
on the boundary & . Moreover, if (Z.08) holds, M~ and hence 5 in ([ZI16)) is independent
of the particular choice of 9% and Q. Thus, with these observations, we obtain the following

Proposition

Proposition 2.5 (Harrison & Williams [20]). Given a fized bounded C**® domain & and
ClTo—reflection vector field v(-) on O&, the following conditions for the reflected Brownian

motion with drift vector b € R"~1 are equivalent.



100

e The stationary distribution of the reflected Brownian motion has the exponential form den-

sity
(2.117) py) =cexp((7,y)); Yy€G,

where 5 € R"™! and ¢ > 0 are determined by b through (ZI1106) and
—1
(2.118) c:= (/ exp ((¥, ) dy) .
S

e The reflection vector field satisfies the skew-symmetry condition (2.98).

In Section we extend these considerations and see in Proposition that a stationary
distribution for the process with piece-wise constant drift has the similar exponential form under
the skew symmetry condition, rather than the constant drift vector b, in the positive orthant
which contains non-smooth part. Moreover, we study the ergodic property of n—dimensional
system X (-) defined by the SDEs with piece-wise constant coéfficients in Chapter 3, applying

those results.

2.4.2 Positive Orthant

In this section we discuss the stationary distribution of (n — 1)—dimensional reflected Brownian
motion Y'(-) in the positive orthant for n > 2. To define the process Y (-) we use the same
notation as in Section and we borrow some of definition from Section 241l Recall that the
(n — 1)—dimensional Brownian motion Y (-) with data (0,9 ,Q,1,b) is well defined through
submartingale problem in Proposition 24l Assume that the ((n — 1) x (n — 1)) matrices 9N of
normal vectors n; and 9 of tangential vectors q; on the face §; for i = 1,...,n — 1 satisfies
the skew-symmetry condition (Z63) in Remark 2.8 Define the same differential operators (2.95])
and their adjoints ([2.96]) now with D = D; on the ith face §; for i =1,...,n—1 and so on.
We study the basic adjoint relation ([2I09). Note that we do not have the nice solution
f € C**% of Dirichlet problem Blin ([Z97). Here instead we start with the basic adjoint relation
2I09) for every f € C?(&) and non-negative p(-) € C%(&), and consider its consequence and

relation to the probability density function p(-). By Green’s theorem and divergence theorem,
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the basic adjoint relation implies

0= /6 AL/ ()] p(y) dy

LS 33 [ (550 b gt 20mp s pin ). 90) W eldy)

for every f € C?(8). By taking only f € C? having compact support in &, the second term

of the right hand is zero, we obtain
(2.119) Aip() =0, in&.

Substituting this into the above basic adjoint relation, now we get the second term of the right
hand is zero. Moreover, the divergence V - q; of constant ¢; is zero on the boundary §; for
i=1,...,n—1. Since g, is parallel to §?, the divergence V - (q;p(-)f(:)) is the same as the

divergence taken in the (n —2)—dimensional F¢. Then, for every f € C2(&) we obtain

(2.120) i( | F0)Diply) =20 ) ) o(dy) =3 / (aim55) B(y) () T(dy)) =0,
i=1 i V) ij

where v(-) is the (n —3)—dimensional surface measure on each (n —3)—dimensional surface §;;
and n;; is the unit vector which is normal to both §;; and n;, and point into §¢ from §;; for
1<i4,7 <n—1. Such vectors can be written as

n; — <111' ,nj>ni n;, — <Ili ,nj)nj

(2121) n;; 1= [1 — (<nZ ,Uj>)2}1/2 y Ny = [1 — (<ni ,nj>)2}1/2 .

By taking f € C2 such that f(-)|ss has a compact support in F9, we obtain for each i =
1,....,n—1,
(2122) Bup() — 25, n)p() = 0 on .

Then, substituting this back into (ZI20)), we obtain

2123) S S [ G v+ a5 m) p) F)T(dy) =0; [ € CA(S).

i=11<j<i—1 7S

Moreover, by taking f(-) € C2(&) such that its support intersects at most one of the (n —
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3)—dimensional F;;, we conclude that
(2.124) (g s nig) + (d5, nji) =0,
for (n — 3)—dimensional F;;. With (ZI2I) and (n;q;) =0 for j =1,...,n — 1, we conclude

that 2124 is equivalent to (Z63]). Thus, we obtain the following Lemma 215

Lemma 2.15 (Harrison & Williams [20]). The non-negative C*(&)— function p(-) satisfies
@I for every f(-) € C*(&) if and only if the following hold.

e Aip()=0in 6.
. ﬁzp() =2(b,n)p(-) on Fi fori=1,...n—1.
e niq; +niq; =0 whenever §;; is (n — 3)—dimensional.

By the same discussion as in the proof of Proposition 2.5, we obtain the following Proposition

for the positive orthant &.

Proposition 2.6 (Harrison & Williams [20]). Given the data (M,,9Q,1,b), the (n—1)—dimensional

Brownian motion with reflection in & has the following equivalent characterizations:

o The stationary distribution of the reflected Brownian motion has the exponential form den-
sity p(y) = cexp((y,y)) for y € & as in (Z117), where ¥ € R"™' and ¢ > 0 are given

by @II8) and

(2.125) yi=2(0-N' )b

e The reflection vector field satisfies the skew-symmetry condition ([2.63)).

Piecewise constant coéfficients

Suppose that the positive orthant & is divided into a set {&,, 1 < ¢ < m} of finite disjoint
regions for some m € N, ie.,, 6 = U}~ ,&, with §,N&Sy =0 for ¢ # ¢'. We define a piecewise

constant function

(2.126) b(-) = i bele, (),

{=1
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where {by,¢=1,...,n—1} are (n — 1)—dimensional vectors.
Now we extend the above reasoning to the Brownian motion with reflection for data (9,90,Q,7,b(-)).

Let us define the differential operator corresponding to the drift coéfficient b(-) by Ay

(2.127) Az o(y) == %Aw(y) +(bly),Ve); @€ C*(R).

The basic adjoint relation in (ZI09) now becomes

1) [ s dy+g [ 0D f) () =00 feCH®).

which we shall derive in Section 2.4.51 Given this basic adjoint relation we obtain, by applying

Green’s theorem and the divergence theorem for each region Sy,

0= [ s flot)dy = [ (5800 + 00).V £0))p(o)

=3 [ (320 + 09 16 ot ay

- / F(y)Ap(y) dy
S
1

+2/ﬁ, (4 5%~ 5~ 200) .0 p + bl(0s +0) V1)) () el dy).

We go through (ZI19) to (ZI24]) to obtain the following Proposition 271

Proposition 2.7. Given the data (M,PB,Q,1,b()), the (n—1)—dimensional Brownian motion

with reflection in & has the following equivalent characterization.

o The stationary distribution of the reflected Brownian motion has the exponential form den-

sity p(y) = cexp((7(y),y)) for y € & as in (Z117), where ¥ € R"™ and ¢ > 0 are

given by
-1
(2120) () =20 -0 Q)0 inS, c=( /G exp (), v)) dy) -

e The reflection vector field satisfies the skew-symmetry condition (2.63)).

In the following we shall see that the stationary distribution exists and is unique, and obtain
the results for the reflected Brownian motion with data (9,9,Q,A,b(-)), where A is an

((n—=1) x (n — 1)) positive definite symmetric matrix.
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2.4.3 Existence of Stationary Distribution

In the previous Section we studied the relationship between the stationary distribution
and the skew-symmetry condition. In this section we show the existence of stationary dis-
tribution of Brownian motion Y(-) with reflection defined in (ZZ7) and ([Z313) for the data
(N, P,0,A,b(-)) in the positive orthant &. Here in this section A = oo’ is the ((n —1) x
(n — 1)) positive definite symmetric matrix and b(-) is a piecewise constant function defined in

[126): the process Y (-) has the decomposition
Yt)=Y(0)+£t)+ (T —P)A@t) =Y (0)+£(t)+RA(H) €S; 0<t<o0.

where the pair (A(-),Y(-)) has the representation (Z48) and &() is in 2359). The ((n —1) x
(n—1)) matrix R := (I —) is the reflection matrix which represents the direction of reflection.

By the submartingale characterization, A(-) is minimal in the sense that for any (n —
1)—dimensional process V(-) of bounded variation such that &(-) + RV(-) € &, the non-
decreasing process A;(-) is smaller than or equal to V;(-) for ¢ =1,...,n—1. Let us denote by €
the class of (n—1)—dimensional process V(-) of bounded variation such that £(t)+9RV(t) € &
for 0<t<oo.

For the sake of simplicity of reasoning, let us introduce the linear transformation of rotation
and scaling. Define Y*(-) := R7'Y(-) and £*(-) :== R~1£(+). Similarly, we transform the state
space & to &% := KR! &. Let us denote the probability distribution induced from £*(-) starting
at £(0) =0 by P§.

The following Lemma [2.16] is essential for existence of stationary distribution.

Lemma 2.16. For y* € 6* we define the limit distribution F*(y*) :=lim;_,o Po(Y*(t) < v*),
where the inequality is evaluated element-wise. Then, the probability Po(Y*(t) < y*) decreases

monotonically in y*, and
(2.130) F'y" ) =P,V eC,y" =& (t) = V() € 6 ,0<t < ).

Moreover, if the piecewise constant drift coéfficient b(-) in (ZI26) and the reflection matriz R

satisfies R™Lb(-) < 0 for each element, then there exists 6 € & such that

n—1
(2.131) Fry) > 1= exp(-28D 'y),
=1
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where y =Ry* and © = diag (A).

Harrison & Williams [19] showed this result for constant vector b(-) = b. We adapt their

proof and show Lemma [ZT6] for piecewise constant b(-).

Proof. Fix t € [0,00) and define a process £(s) 1= (£(t)—&(t—5)) Lio<s<i) +(£(8)—€(0)) 1 1< s< o0}

before and after £(t), and other related processes A(-) = W(E(1)), Y () := (I + ¥)(E()),
Y*:=R1Y(:) and & :=M'£(-). Note that when the starting point is zero, Py = Pj. So, we

consider (ZI30) for Y* in place of Y*. We observe Pj-a.s. that

{w V") <y }={w: IV eC.&(s)+V(s) €6™,0<s < ;8 (1) + V(1) <y" }
={w: IV el &)+ V(s) €S ,0<s<t;: &)+ V(t)=y*}
—{w: IV e, &) & (t—s)+V(s) = V(—s) €&,
0<s<t;:8 )+ V() =y}
={w: IV e &) - & (s) + V() - V(s) € &7,
0<s<t:E (O +V()=y"}
={w: 3V e,y —&(s)-V(s) €6",0<s < ;8 () + V() =y}

={w: Vel y —£(s) - V(s) €eE",0<s<t}.

The last set decreases monotonically to the set in the right-hand of (2I30).

Since the piecewise constant drift b(-) in ([ZI20) satisfies R~ 1b(-) < 0 for each element, i.e.,
M~1b, < 0 for each element and £ = 1,...,m, there exists a sufficiently small § € & = (R, )"*
such that R~16 < —R~1b, for £ =1,...,m. Then, define ¢ := ming <p<, K1 (~bg—0) €S
where the minimum is taken for each element. Take the continuous process V(t) := & which is

in €. It follows from (ZI30) that

Fr(y") > Po(y" —€°(t) —et € 6, 0 <t < o0)

=Po(y —&(t) — (Rt e 6, 0<t < 0)

:PO(y—aB(t)—/O (ZBglgz(g(s))+9%E)d8€6, 0§t<oo).
=1

Since —(by + Me) > § for each element and ¢ = 1,...,m and & = (Ry)""! = UL, &, we
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obtain
F*(y*) > Po(Mizi {yi + Wi(t) +0it > 0, 0 <t < oo})
(2.132) n-1 et
>1_ ) . : ) 1 _ o sley—1
>1 ;Po(yl + inf (Wi(t) + 6it) < 0) =1 ;exp( 20D7"y),
where W(-) := —oB(+) is the (n — 1)—dimensional standard Brownian motion with variance-

covariance rate A starting at the origin, and © = diag (A). This is (ZI31) and completes the

proof of Lemma [2.T6 O

It follows from (2.I31)) that the limit distribution is non-trivial if 871 b(-) < 0 element-wise.
Let us denote by v* this limit distribution on &*. By transforming back to &, we define the
probability measure v(A) := v*(R~LA) for all A € B(&). Thus, for f € Cy(&) by Markov
property we obtain

[ v 1) = Jim Balf(¥ s+ )] = Jim Bo[Ey o[ £(V(0)])

§— 00

_ / dv(y)E,[ f(Y(t)],
S

which leads us to the conclusion that (-) is a stationary distribution of Y'(-) through a monotone

class argument. Thus, we obtain the following Proposition 2.8

Proposition 2.8. If R71b(-) < 0 holds element-wise in the (n—1)—dimensional positive orthant
S, then the reflected Brownian motion Y () in & with data (9, ,Q,A,b(:)) has a stationary

distribution.

2.4.4 Uniqueness of Stationary Distribution

In this section we see that the distribution of process Y(+) is mutually absolutely continuous with
respect to Lebesgue measure Leb(-). Then, if Y(-) has a stationary distribution v(-), it is also
mutually absolutely continuous with respect to Lebesgue measure Leb(-). Since Y(-) is Markov

process, by (individual) ergodic theorem, for any bounded continuous function f : R*~! — R,

i ! = 2)dv(z va.s. —
(2.133) im = S B, [f(V(1)] = /@ f(2)dv () vas. -y,

and hence y Leb — a.e.. This implies the stationary distribution v(-) is uniquely determined as

the limit. So, it is sufficient to show the following lemma.
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Lemma 2.17 ([19]). For each x € R™, w € II, we have

(2.134) E, [/OOO 156(X(s))ds} —0,

where 06 is the boundary of & .

Using this lemma and the strong Markov property of the continuous process Y(-), we obtain
the absolute continuity of the distribution of Y'(-) with respect to Lebesgue measure through

Fubini’s theorem.
Lemma 2.18 ([19]). P,(-) and Leb(-) are absolutely continuous with respect to each other.
Thus, as a summary of the above argument we obtain the following result

Proposition 2.9. If the piecewise constant drift b(-) in ZI20) satisfies R1b(-) <0 for each
element, then the (n — 1)—dimensional Brownian motion Y (-) with reflection and the data

(N, P,0,A,0(-)), has a unique stationary distribution.

2.4.5 Properties of Additive Functionals
Representation of additive functionals

In this section we review representation theorem for additive functional. This comes from the
strong Markov property of X and Kingman’s sub-additive ergodic theorem [32]. A measurable,
adapted, real-valued process A = {A4;, F;;t > 0} is called an additive functional if A;q,(w) =
Ap(w) + Ay (Byw) for 0 < s,t < 00, P— ae.w € Q, z € R", where 6. is the shift operator,
e, Osw(t) =w(s+1t) for 0 < s, <oo. A typical examples of additive functional is the local
time. One can show that the non-decreasing process A;(-) in (Z47) has a modification which is
an additive functional for i =1,...,n —1 [19].

As in the previous Section 244 consider that Y'(-) has the stationary distribution v(-), i.e.,

v(B) = /GIP’y(Y(t) € B)v(dy); BecBR"1).

For a bounded non-negative measurable function f(-) and the non-decreasing part A;(-) in

the representation of Y(-) in (Z48]), define the functional m;(f) associated with the additive



108

functional A; by

() *i§i‘/ /’f dAi(s)] dv(y)

(2.135)
= sup E /f )]—sup E,[S:()]; i=1,...,n—1,
t>0 1 >0 1
where S;(-) defined by [, f(Yi(s))dAi(s) and E, is the expectation with respect to the prob-

ability distribution P, induced from Y (-) with the initial probability distribution being the
stationary distribution v(-). Note that A;(-) is an adapted non-decareasing process which in-
creases only at the time ¢ such that {¢ >0 : Y;(¢)} for ¢ = 1,...,n — 1. Thus, S;(-) is the
average of f(Y;(-) with respect to the random measure A;(-) of how much the process Y;(:)

stays in the neighborhood of the origin. This S;(-) is additive, i.e.,

Si(t,w) + S;(u, 0 w) = /0 FYi(s,w)) dA;(s,w) + /Ou F(Yi(s,0;w)) d A (s, 0 w)
t u+t
— [ dae + [ s @) dnsw)]
0 t

=Sit+u,w); 0<t,u<oo,

by the Markov property. Then, by Kingman’s sub-additive theorem [32],
m;(f) —hm E /fYk )d A ( i=1,...n—1.
Especially, since v(-) is invariant, we can write
1
(2.136) m(f) = Ey[/ fYi(s)dA;(s)]; i=1,....,n—1.
0

Since the behavior of Y () in é can be seen as Brownian motion with bounded drift and
volatility, there is a constant C' > 0 such that fori =1,...,n—1,and t > 0, E,[A;(t)] < C(t+1).
Hence, the measure m;(f) associated with A;(-) is finite. Moreover, the functional m;(f) is
mutually absolutely continuous with respect to (n — 2)—dimensional Lebesgue measure on §;,

ie.,

(2.137) mi(f) = | fly)oldy),

S

where v(-) is the (n—2)—dimensional Lebesgue measure on each i-th face §; for i =1,...,n—1.
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Now we are ready to state the main result. The result is a generalization of Harrison
& Williams [20] from the constant drift coéfficients b(-) = b to the piecewise constant drift
coéfficients b(-) defined in (2120).

2.4.6 Main result

Derivation of basic adjoint relation

By It0’s formula and the submartingale characteristics, we obtain that
tn—1

(2138)  fYV@) - 10O) - [ YD) A - [ Af(V(s)dsi 0=t <o
0 i 0

is P,—martingale, where A, is defined in 2I27) for f € C?(&). Taking expectations under
P, and combining with (2I36]), we obtain

n—1
t/eAzf(y)V(dy)th; giDif(yM(dy):O; t>0.

Since the stationary distribution has a density p(-), it becomes the basic adjoint relation (Z128]).

Thus, we obtain the following

Proposition 2.10. If v(-) is the stationary distribution absolutely continuous with respect to

Lebesgque measure, then for each f € CZ(&), the probability density p(-) satisfies the basic

adjoint relation (2.128]).

Now with Propositions 2.7 B.8, 2.9 and 210l we are ready to state the following main result
in Section [Z.4]

Theorem 2.6. Consider the (n — 1)—dimensional reflected Brownian motion Y () with data
(N, P,0,A,b(:)), where b(-) is piecewise constant defined in (ZI20). If the stability condition
R1b(-) <0 is satisfied element-wise in &, and the skew-symmetry condition [Z6Q) holds, then

the stationary distribution with the density p(-) has product form which can be written as
(2.139) p(y) = c-exp (—2( diag (R)[ diag (A)]'R'b(y),y) ) : y€BS.

Here c is the normalizing constant such that [sp(y)dy =1; and diag(R), diag A are ((n —

1) x (n—1)) diagonal matriz whose diagonal elements are the same as R and A, respectively.
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Remark 2.12. Conversely, one can show that if the stationary distribution has the product form
(ZI39), then the stability condition R~ b(-) < 0 element-wise and the skew-symmetry condition
hold. See [19]. When A =1 and b(-) = b, the form of density function is consistent with the
previous results (2.120) and (2129) in Proposition and 2.7 obtained by Williams [61].
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Chapter 3

Rankings and Ergodicity

In this chapter we utilize the results in the previous sections to study rankings, attainability, and
ergodic behavior of the n—dimensional process X (-) defined in ([4]) with piecewise constant
coéfficient (7)) in Chapter 1. Recall that through the martingale problem and some estimates
of Alexandrov’s type we see the solution to the stochastic differential equation with bounded

coéfficients b(-) and s(-) in (L4):
(3.1) dX(t)=bX(@)dt+s(X(t)dW(t); 0<t<oo, X(0)=wz€R"

exists. The uniqueness of probability distribution of solution is verified, when the diffusion

coéfficient s(-) satisfies (L1):

(3.2) b(x) := Z brlr, (x) =bpe, s(x):= Z Splgr, () =Spe; xz€R”

mell well

for polyhedral region R, ,m € II of (2.

3.1 Rankings of Multidimensional Diffusion

Given an (n x 1) vector process X (-) := {(X1(¢),...,Xn(¢);0 <t < 00}, we define the vector
Xy ={(Xay(®),..., Xn)(t));0 <t < oo} of ranked processes, ordered from largest to smallest,
by

(33)  Xgy():= _ max (min(Xil(t),...,Xik(t))); 0<t<oo, k=1,---,n,

1<iy <...<ix<n
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where the ties are resolve in ([B.6]). By the definition, we have the rankings of multidimensional
diffusion:

Xy(t) > X)(t) > -+ > Xy(t); 0<t<oo.

Problem 9. What is the dynamics of ranked process X(.y(-) ¢ What are the properties?

To answer this question let us start with n = 2. Recall that the local time L(-) of one-

dimensional process Y'(-) at level zero is defined as
¢
2L(t)=Y(t)-Y(0) — / sgn(Y(s))dY(s); 0<t< 0.
0
By Tanaka-Meyer’s formula of local times, we have

(X1(t) — X ()" = (X1(0) — X2(0))" +/O 1(0,00) (X1(8) — X2(s)) d(X1 — X2)(s)

+ L5 X2 (1)
(3.4)

(X1(t) = X(t))” = (X1(0) = X2(0))" +/0 L(—o0,0/(X1(s) — Xa(s)) d(X1 — X2)(s)

+ L5 %2 (), 0<t< oo,

where L*17Xz() is the local time of Xi(-) — Xa(:) at level zero. Since z(1) := max(z1,x2) =
(1 — 22)T + 22 and x5 := min(xy,x2) = — (21 — 22)” + X2, we can write the dynamics of

rankings for n = 2:
dX()(t) = d(Xi(t) = Xo(t))" +d Xa(t), dX(t) = —d(Xi(t) — Xa(t)” +d Xa(t);

for 0 <t < oo, where the dynamics of (-)* is computed from the above Tanaka-Meyer’s formula
B4).

For general n > 2 these involve the local times AM¢(.) = LX®w =X () for 1 <k < ¢ < n,
where the notation LY (-) is used to signify the local time at the origin of a continuous semi-
martingale Y (-). An increase in A®¢(-) is due to, and signifies, a collision of £ —k + 1 particles
of X(-) in the ranks k through ¢. In general, when multiple collisions can occur, there are
(n — 1)n/2 such possible local times; all of them appear then in the dynamics of the ranked
processes, in the manner of Banner & Ghomrasni [6].

Let Sp(t) :={i : Xi(t) = X)(t) } be the set of indexes of processes which are kth ranked,

and denote its cardinality by Ny (t) := |Sk(t)| for 0 <t < co.
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Proposition 3.1 (Theorem 2.3 of Banner & Ghomrasni [0]). For any n—dimensional continuous
semi-martingale process X (-) = (X1(-),...,Xn(-)), its ranked process X(.(-) with components

Xiy(t) = Xp, ) (1), k=1,...,n can be written as

d X (t) = (Nk(£) ™ [Z 10X 0 (=X, () 4 Xi(2)
i=1
(3.5) n k-1
+ 3 aaki) —dek(t)} :
j=k+1 j=1
for0<t<oo. Here p; :={(pt(1),...,p:(n)) } is the random permutation of {1,...,n} which

describes the relation between the indexes of X (t) and the ranks of X(.)(t) such that
(3.6) pe(k) <pe(k+1), if X)) =Xwr)(t); 0<t<oo.

Recall that II is the symmetric group of permutations of {1,...,n}. The map p; : Q x
[0,00) +— II is measurable with respect to o-field generated by the adapted continuous process

{X(s),0 < s <t} and hence is predictable. Since II is bijective, let us define the inverse map

it = (p;*(1),...,p; " (n)) such that
(3.7 X(pt—l(i))(t):Xi(t); i=1,...,n, 0<t<oo.

That is, p;'(i) indicates the rank of X;(t) in the n—dimensional process X (t). The map
Pt Q% [0,00) — I is also predictable.

Let us recall the triple collision problem in Section

58) Py, (Xi(t) = X;(t) = Xp(t) for somet>0)=0, or
3.8
Poo (Xi(t) = X;(t) = Xp(t) i.0.) =15 x0 €R",

for some 1 < i < j <k <n. Under the assumption of “no triple collisions” (that is, when
the only non-zero change-of-rank local times are those of the form AFP**1(.) 1 <k <n—1),
Fernholz [12] considered the stochastic differential equation of the vector of ranked process X.y
in a general framework and Banner, Fernholz & Karatzas [5] obtained a rather complete analysis
of the Atlas model (B.35).

Let us take a close look at triple collision with the rankings of diffusion. If, for every j =
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1,...,n — 2, the two-dimensional process

(3.9) (Y0), Y51 ())" = (X () = X0 () X () = Xy ()

obtained by looking at the “gaps” among the three adjacent ranked processes
X )y X1 (s Xi4)(),

never reaches the corner (0,0)" of R? almost surely, then the process X (-) satisfies

(3.10) Pa, (Xi(t) = X;(t) = Xy (t), for some (i,5,k), t>0) =0

for 2z € R™\ Z. On the other hand, if for some j = 1,...,n — 2 the vector of gaps ( X;(-) —

X(j11)()s X(j41)(-) = X(j42)(-) )’ does reach the corner (0,0)" of R? almost surely, then we have
Pu, (X;(t) = X;(t) = Xx(t), for some (i,5,k), t >0) = 1; € R™

Since the above the two-dimensional differenced process ( X ;) (-)=Xj4+1)(-), X(j41)()=X(4+2)())
is non-negative and reflects back instantaneously when one of its coérdinates attains zero, it looks
like the Brownian motion with reflection. Thus, we study the ranked process X (. and itsadjacent
differences as an application of study on multidimensional Brownian motion with reflection of

Chapter 2.

3.2 No Triple Collisions

Let us recall a collection {Q;(f)hgi,kgn of polyhedral domains in R™, such that {Q;(:)}lgign is
partition R™ for each fixed k, and {Q;Ci)}lgkgn is partition R™ for each fixed ¢. The interpre-

tation is as follows:
x= (21, 1) € ng) means that x; is ranked kth among x1,--- ,x,,

with ties resolved by resorting to the smallest index for the highest rank, by analogy with ([B.3]).

Our main observation is the following Proposition

Proposition 3.2 (Ichiba & Karatzas [23]). Forn > 3, consider the weak solution of the equation
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BI) with piece-wise constant diffusion coéfficient, where s(-) is the diagonal matriz

(3.11) s(x) := diag (Zaleu) Zak1Q<n) ) . reR”.

If the positive constants {&k 1<k< n} satisfy the linear growth condition
(3.12) 02—t =02 —03 = =02 02

then BI0) holds, i.e., there are no triple-collisions among the n one-dimensional particles.
If n = 3, the weaker condition 3 — 3 > 03 — 03 is sufficient for the absence of triple

collisions.

Remark 3.1. This special structure (3I1]) has been studied in the context of mathematical finance.
Recent work on interacting particle systems by Pal & Pitman [46] clarifies the long-range behavior
of the spacings between the arranged Brownian particles under the equal variance condition:
01 = --+ = 0,. The setting of systems with countably many particle is also studied there,

and related work from the Physics literature on competing tagged particle systems is surveyed.

O

Remark 3.2. In the above result the drift coéfficients b(-) in (BI) do not affect the conclusion as
in Section In fact, we consider Atlas model studied by Fernholz [12] and Banner, Fenholz &

Karatzas [5], and its extension, called the hybrid Atlas model, in Section[33] O

3.2.1 Brownian Motion with Reflection

Recall the notations in Chapter 2. We shall define Brownian motion with reflection on the faces

of the non-negative orthant

6= R”l {Zxkek':zz1>0 xn_lzo},

whose (n — 2)—dimensional faces §1,...,8n—1 are given as

n—1
:{Zxkek:mkZOfork:L...,n—l,xi:O}; 1<i<n-1.
k=1
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Let us denote the (n—3)—dimensional faces of intersection by 85 = $iNg; for1<i<j<n—1
and their union by §¢ := U1§i<j§n718(?j .

For n > 3, we shall define the (n — 1)—dimensional reflected Brownian motion Y'(-) :=
{(Yi(?),...Yu—1(t)); t > 0} on the orthant R with zero drift, constant ((n — 1) x (n — 1))
constant variance/covariance matrix 2 := X%/, and reflection along the faces of the boundary

along constant directions, by

Y(t)=Y(0)+XB(t)+RL(t); 0<t<oo,
(3.13)
Y(0) e R\ 3.

Here, {B(t); 0 <t < oo} is (n —1)—dimensional standard Brownian motion starting at the origin
of R*™!. The ((n—1) x (n — 1)) reflection matrix R has all its diagonal elements equal to one,
and spectral radius strictly smaller than one. Finally the components of the (n —1)—dimensional
process L(t) := (L1(t),...,Ln—1(t)); 0 < t < co are adapted, non-decreasing, continuous and
satisfy [;°Y;(t)dL;(t) = 0 (that is, L;(-) is flat off the set {t > 0 : Y;(t) = 0}) almost surely,
for each ¢ = 1,...n — 1. Note that, if Y'(¢) lies on 87, = 8 NFj, then Yi(t) = Y;(t) = 0 for

l<izj<n-1

3.2.2 Rotation and Rescaling

Assume that the constant matrix 2 is positive-definite. Let U be the unitary matrix whose
columns are the orthonormal eigenvectors of the covariance matrix 2 = XY/, and let £ be the
corresponding diagonal matrix of eigenvalues such that £ = U'2AU . Note that all the eigenvalues

of 2 are positive. Define Y (-) := £-1/2UY (-). By this rotation and rescaling, we obtain

(3.14) Y(t) =Y (0)+ B(t) + £ Y2URL(t); 0<t< oo

from (313), where B(-) := £ Y2ULB(:) is another standard (n—1)—dimensional Brownian mo-
tion. We may regard }7() as reflected Brownian motion in a new state-space S = 2_1/2UR?;1 .

The transformed reflection matrix % := £-/2U9R can be written as

(3.15) R=2L2UR = N+Q¢ = F,....50-1),
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where

¢:=0 2 D:=diag), N:= Y2UC = @,...,0p1),
(3.16)

Q=2 2URC - N = @1, 0n1)-
Here © = diag(2l) is the ((n — 1) x (n — 1)) diagonal matrix with the same diagonal elements as
those of 2 = X%’ (the variances). The constant vectors t;,q;,n;, i =1,...,n—1are (n—1) x 1)

column vectors.

Since U is an orthonormal matrix which rotates the state space & = Ri_l ,and €172 isa
diagonal matrix which changes the scale in the positive direction, the new state-space S is an

(n — 1)—dimensional polyhedron whose i-th face §; := £ Y/2Ug, has dimension (n — 2), for

Note that diag(M'Q) =0 and diag(M'N) = I, that is, 7; and §; are orthogonal and #; is a
unit vector, i.e.,, nig; =0 and win; =1 for i =1,...,n— 1. Also note that n; is the inward unit
normal to the new i-th face §Z on which the continuous, non-decreasing process L;(-) actually
increases, for 4 = 1,...,n — 1. The i-th face 3; can be written as {z € G : nix = b;} for some
b, eR, fori=1,...,n—1.

Moreover, the i-th column t; of the new reflection matrix R is decomposed into components
that are normal and tangential to 3, ie, v, =¢;(n;+74q;) fori =1,...n— 1, where €; is the
(i,1)-element of the diagonal matrix €. Note that, since the matrix £-1/2U of the transformation
is invertible, we obtain

(3.17) Y()eF, =8N = Y()eFy; 1<i<j<n-—1.

17

Thus, it suffices to work on the transformed process Y (+) to obtain [BI0) for Y(-) in (39).

3.2.3 Attainability

With BI7) we consider, for n = 3 and n > 3 separately, the hitting times

iy o= inf{t > 0:Y(t) € §7; }
(3.18) N N
=inf{t>0:Y() e }; 1<i#Fj<n-—1.
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First we look at the case n = 3, i.e., two-dimensional reflected Brownian motion and the hitting
time 715 . The directions of reflection t; and T can be written in terms of angles. Note that the
angle £ of the two-dimensional wedge S is positive and smaller than 7, since all the eigenvalues
of A are positive. Let 6; and 0y with —7/2 < 61, 2 < 7/2 be the angles between n; and T
and between ny and T, respectively, measured in such a way that 6; is positive if and only if t;

points towards the corner with local codrdinate (0,0)" and similar for 65 .
Paraphrasing Lemma [2.3] in Chapter 2 for Brownian motion reflected on the two-dimensional

wedge, we obtain the following dichotomous result on the relationship between the stopping

time and the sum 6; + 6; of angles of reflection directions, when n — 1 = 2. We shall denote
5o = L7V2UFe = U1§i<j§n71 §103 :
Lemma 3.1 ([59)). Suppose that Y (0) = o € S\ F°. If 8 := (1 + 62)/¢ > 0, then we have

P(r12 < 00) = 1; if, on the other hand, § <0, then we have P(112 < 00) =0.

In terms of the reflection vectors ny, T3 and TN, To, and with the aid of [BI7)) we can cast

this result as follows:

Lemma 3.2. Suppose that Y (0) = yo € R2\ F°. If n)q2 + nhqy > 0, then we have P(1i2 <

o00) = 1. If, on the other hand, g +n5q1 < 0, then we have P(112 < 00) =0.

Proof. Now recall the special geometric structure of orthogonality n/g; = 0 and |n;|| = 1 and

observe that

o~ o~ o~ > >
(3.19) (Wa+am) S0 = W@ ARG 05 V()
K2 < <

Note that if n = 3, i.e. n—1 = 2, then n}q; = |[q;]| sgn(—6;)sin(§) for 1 < i # j < 2, where

sgn(z) == 1{z>0y — l{z<oy - The length [[qz2|| of g2 determines the angle 6, and vice versa, i.e.,

2 >
lall Mgl =16l — 165
< <
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With this and 0 < &;; < 7, sin(&;;) > 0, we obtain

>
m; + 056 = sin(€)([[a; ]| sgn(—0;) + [laill sgn(—6:)) — 0

<
(3.20)
<
= p=(0;+0;)/§ 0 1<i#j<2.
>
Thus, we apply Lemma 3.1l and obtain Lemma O

We consider the general case n > 3 next. With (3.17) and Proposition 2.4 in Chapter 2 we

obtain the following Lemma [3.3] valid for n > 3.

Lemma 3.3. Suppose that Y(0) = y € R""'\ §° and n > 3, and that the so-called skew-

symmetry condition
(3.21) W A G=0; 1<i<j<n-—1
holds. Then we have
Py (T < 00) =0, where T:=1inf{t >0:Y(t)eF°}.

Moreover, the components of adapted non-decreasing continuous process L(-) defined in (B.I3)

are identified as the local times of one-dimensional processes at level zero:
t
2L;(t) =Y;(t) — Y3 (0) —/ sgn(Yi(s))dYi(s); 0<t<oo, i=1,...,n.
0

3.2.4 Coéfficients Structure

Next, we consider the case of linearly growing variance coéfficients defined in ([B:12)), and recall the
tri-diagonal matrices 2 = X3 as in (3.26) and R as in (B28). Consider the (n— 1)-dimensional
reflected Brownian motion Y (-) defined in (3I3) with ¥ = ¥ and this above R. We can verify

such a pair (i, fR) satisfies the following element-wise equations

(3.22) (2@—9@—92—221)”.:0; 1<i,j<n-—1,



120

where © is the diagonal matrix with the same diagonal elements as 2 of (BI6]), and Q is the
((n—1) x (n — 1)) matrix whose first-diagonal elements above and below the main diagonal are
all 1/2 and other elements are zeros as in (3.26). In fact, it suffices to see the cases j =i+ 1,i =
2,...,n — 1. The equalities (3:22)) are

1, 5 - 1 ~ ~
0— 5(01‘2 +57) — 5(01'271 +07) + 207 =0,

or equivalently (3.12)

~2 =2 _ =2 ~2, ;
0] —0;1=0;41—0;; 2<i:<n-1

Moreover, the equalities ([Z22) are equivalent to (0VQ + Q' {ﬁ)u =0in (3I9). In fact, from
(BI6) with /2 = ¢! we compute

WQ = 2U'e! 2 PURD2 — N
_ @71/2(1 o D)@l/z o @71/2&[@71/2

N+ QN =21 - D 1200Y2 V20D V/2 _ 99129~ 1/2,

and multiply both from the left and the right by the diagonal matrix ©'/2 whose diagonal

elements are all positive:
(3.23) DN + QNDV2 =20 — QD — DN — 22

The equality in the relation (3.22)) is equivalent to the skew-symmetry condition of Proposition
24 introduced and studied by Harrison & Williams in [19], [61] : 9VQ + Q' = 0.

Thus, it follows from BI19), 22]) and B23) that the reflected Brownian motion Z defined
in B21), under the assumption of Proposition B.2] satisfies that any two dimensional process

(Z;, Z;) never attains the corner (0,0) for 1 <i<j<n-—1ie.
(3.24) P(Zi(t) = Z;(t) = 0,3t > 0,3(i,5), 1 <i #j <n) =0.

Using this fact, we construct a weak solution to (8:38) from the reflected Brownian motion.
This final step is explained as an application to the financial Atlas model in the last part of

Section B-2.4

Now we are ready to show Proposition As in Remark B.2] we can assume that there
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is no drift, i.e., b(-) = 0. Let us start by observing that the dynamics of the sum X(¢) :=

X1(:)+ -+ X,(-) can be written as

(3.25) dX(t) = > Grl oo (X(£)dWi(t) = Y FrdBy(t); 0<t< oo,
i=1 k=1 g k=1
where B(-) := {(B1(t), -+, Bn(t)),0 <t < 0o} is an n—dimensional Brownian motion starting

at the origin, by Dambis-Dubins-Schwarz theorem, with components By(t) := > 1, fot Lo (X (s))dW(s)

k
for1<k<n,0<t<oo.Infact, (By,B¢) =10, implies that they are independent standard
Brownian motions.

Next, & be the (n — 1) x n triangular matrix with entries

On—1 On

where the elements in the lower-triangular part and the upper-triangular part, except the first
diagonal above the main diagonal, are zeros. Then the process {iB (t),0 < t < oo} is an

(n — 1)—dimensional Brownian motion starting at the origin of R"~! with variance/covariance

matrix
Jf + 5% —5%
~2 ~2 2
(3.26) R BRI ,
2
—Opn—1

but without drift components.
Now we construct as in Section B:ZTlan (n—1)—dimensional Brownian motion with reflection

Z()={(Zi(t), +  Zp_1(t)),0<t < oo} on R? " by

Zk(t) = 5’kBk(t) — 5’k+1Bk+1(t)
(3.27)

+ ARy — %(A’“*l’k(t) + AFTEER2(R)) s 0 <t < o0

for k=1,---,n— 1. Here A®*+1(.) is a continuous, adapted and non-decreasing process with
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ARFTL0) = 0 and [° Zi(t) dAMFF1(t) = 0 almost surely. Setting A%!(-) = A™"F1(-) = 0 for

notational convenience, we write in matrix form:
Z(t) = SB(t) + RA(t); 0<t< o0,
where A(-) = (AY2(-),--- ,AF=Lk(.))" and the reflection matrix R = I — Q is given by

1 —1/2
—1/2 1
(3.28) MR=1-9:=

~1/2

-1/2 1

Recall that if the process X (-) has no “triple collisions”, then it follows from (B.A]) that

n 1 -
4X09(1) = D Lix = d Xi(t) + 5 (A1 (1) — dA (1))

i=1
for 0 <t < co. Hence by substituting B.1]) with BI1]) but without drifts into this equation and
subtracting, we obtain that

(329) X(k)(t) — X(k+1)(t) = Zk(t); 1<k<n—-1,0<t< o0,

and that A®*+1(.) is the local time of the one-dimensional process Z(t) at level zero for k =
1,...n — 1. In general, the process X(-) may have triple or more collisions so that we have

additional terms in (3.29):
(3.30) X(k)(t)—X(k+1)(t) =Zrt)+ (), 1<k<n-1,0<t<o0,

where the contribution {(-) := ({1 (+),...,(u—1(:)) from the triple or more collisions can be written

for1<k<n-—-1,0<t<oo as

E

n —2

Ge(t) = Zfl{ > OARI() - Aj’k(t)} L(n, (t)=6}

=3 j=k+2 =1

<
Il

n n kot
- Zg_l[ Z AFHLI (1) — ZAj”““(t)}l{NkH(t):f%
j=1

(=3 j=k+3



123

Remark 3.3. Note that ((-) consists of the (random) linear combination of the local times from
collisions of three or more particles, and hence it is flat, unless there are triple collisions, i.e.,
fg 19-(X(s))d((s) =0 for 0 <t < oo, where the set B is defined as {s > 0 : X;(s) = X;(s) =
Xi(s) for some 1 <i < j <k <n}. We use this fact with Lemma B.4] in the next subsection.

O

Application of Lemma

Under the assumption of Proposition we can apply Lemma [3.3] to obtain
(3.31) P(Zi(t) = Z;(t) = 0,3t >0,3(i,5), L<i#j<n)=0.

Thus, Z(-) is a special case of reflected Brownian motion whose each A¥*+1(.) of non-decreasing
finite variation part is exactly the local time of Zi(-) at level zero.
Now let us state the following lemma to examine the local times from collisions of three or

more particles.

Lemma 3.4 ([23]). Let a(-) = {a(t); 0 <t < oo} be a non-negative continuous function with
decomposition a(t) = B(t)+~(t), where 5(-) is a strictly positive continuous function and y(-) is
a continuous function that can be written as a difference of two non-decreasing functions which
are flat off {t > 0 : «a(t) =0}, ie., fot lia(s)>01dY(s) = 0 for 0 <t < co. Assume that
7(0) =0 and a(0) = B(0) > 0. Then, v(t) =0 and a(t) = B(t) for 0 <t < oo.

Proof. Let us fix arbitrary T € [0,00). Since 3(-) is strictly positive, we cannot have simulta-
neously a(t) = B(t) +~v(t) =0, and y(¢) > 0. Because the continuous function () attains the

minimum on [0,7], we obtain

{te]0,T]: a(t)=0}={te€[0,T] : a(t)=0,v(t) <0}
(3.32)

c{tel0,T] : ~(t) < _ogiigTﬁ(S) <0}.

Let us define tg := inf{t € [0,7] : «a(t) = 0} following the usual convention that if the set
is empty, to := oo. If t{p = oo, then a(t) > 0 for 0 < ¢t < oo and hence it follows from
the assumptions v(0) = 0 and fOT lia@w>03dy(t) = 0 for 0 < T < oo that v(-) = 0. On
the other hand, if tg < oo, then it follows from the same argument as in B32)) that v(tg) <

—ming<s<¢, B(s) < 0. However, this is impossible, since a(s) > 0 for 0 < s < to by the definition
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of o and hence the continuous function «(-) is flat on [0, ), i.e., 0 = ¥(0) = v(to—) = y(to) -
Thus, tg = co and y(-) = 0. Therefore, the conclusions of Lemma 4] hold.
O

Under the assumption of Proposition B.2] applying the above Lemma B4 with (330), 331

and a() = Xy (w) = Xpg2) (@) 5 B() = Z(-,w) + Ziga (w) and 7()) = G- w) + Gera (5 w)

for w € Q, we obtain a(-) = 8(-), i.e.,

(3.33) Xy () = Xpsay() = Zu() + Zipa (), k=1,...,n—2.

See Remark B3l Combining B.33) with [B31]), we obtain X4(-) — X(442)(-) > 0 or
(3.34) P(X ) (1) = X(k1)(t) = X(poy2)(t) , 3t > 0,3k, 1 <k <n—-2)=0.

Therefore, there are “no triple collisions” under the assumption of Proposition This con-
cludes the proof of Proposition
In summary, we recover the n—dimensional ranked process X .y of X by considering the linear

transformation. Specifically, construct n-dimensional ranked process
\I/(.)(t) = (\If(l)(t), S ,\I/(n) t); 0<t<oo

from the sum X(t), 0 < t < co defined in (325 and the reflected Brownian motion Z(-), such

that the differences satisfy
(3.35) \I/(k)(t) _\Il(k+1)(t) =Zrit), k=1,...n—1,
and the sum satisfies

(3.36) i \I/(k)(t) =X(t); 0<t<oo.
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Each element is uniquely determined by

Ty () X()+Zna()+(n=2)Zp—2() + -4 (n=1)Z:(-)
(2 () 1 X()+ Zna()+(n=2)Zn—2()+-- = Z1(")
Uiy () X()=(n=1Zn-1(:) = (n=2)Zn—2() = = Z1(")

for 0 <t < oco. Under the assumption of Proposition B:2] we obtain ([B:31]) and hence with (3.35])

we arrive at
(3.37) P(\I/(k)(t) = ‘If(k+1)(t) = \I/(kJrQ) (t), It >0,1<TFk<n-2)=0,

in the same way as discussed in (B10).

Thus, the ranked process {X(.y(¢),0 <t < oo} of the original process X(-) without collision
of three or more particles, and the ranked process W(.)(-) defined in the above, are equivalent,
since both of them have the same sum ([B.36]) and the same non-negative difference processes Z(+)
identified in (3.29) and ([B.35). Then, we may view W(.)(-) as the weak solution to the SDE for the
ranked process X(.(-). Finally, we define W(-) := (Vy(-),..., ¥, (-)) where W;(-) = qj(p:l(i))(')
fori=1,...,n, and p; *(i) is defined in B7). Then, ¥(-) is the weak solution of SDE (Z.38).
This construction of solution leads us to the invariant properties of the Atlas model given in [5]
and [22].

In the next section we shall discuss some details of the resulting model, as an application of

Proposition

3.3 Application to Hybrid Atlas Model for an Equity Mar-
ket

Let us introduce the hybrid Atlas model

dX;(t) = <ng1Q;(j> (X(t)) + v +’Y> dt+ ZéleS) (X (t)dW;(t);
k=1

(3.38) k=1

for1<i<n, 0<t< oo, (X1(0),...,X,(0)) =29 € R™.
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A special case 7; = 0 was introduced by Fernholz [I2] and studied by Banner, Fernholz &
Karatzas [5]. Here X(-) = (X1(-), -, Xn(:))’ represents the vector of logarithmic function of
asset capitalizations in an equity market. We assume that ¢ > 0 and g, v; i, k=1,---,n

are constants satisfying the conditions

(3.39) ZVH‘Z%ZO-

imposed to ensure that the resulting diffusion X (-) has some ergodic properties.

3.3.1 Brownian Motion with Reflection

Define (n — 1)—dimensional process Y = ((Y1(t),...,Yn-1(2)),0 <t < o0) by Y (t) :== PX(t)
where P is the projection operator defined in (I3)) for 0 <¢ < 0.

Fernholz [I2] showed the following Lemma.

Proposition 3.3 (Fernholz [12]). If the process X(-) satisfies path-wise mutually degenerate

conditions:

Py, (Leb{0 <t <T:X;(t)=X;(t)} =0)=1 and
(3.40)
Py (Xi(t) = X;(t) = Xg(t) i.0.)=0,

then the (n — 1)—dimensional projected process Y () :== P X (-) satisfies the following stochastic

differential equation:

(3.41) dY (t) = d(PX(t)) = p(X (1)) dt + o(X () dW(t) + (I —B) d L(t);

for 0 <t < oo, where pu(-) and o(-) are again piece-wise constant functions given by

n—1
pl(@) =Y be Y (Lpray=iy — Lpmrn=ip) 1r. (@),
(3.42) o
o(@) =Y 0x Y (Lpew=iy — Lprean=ip) 1=, (2); @ €R".
rell  i=1

In the third term L = ((L1(t), ..., Lo—1(t))’,t € Ry) of @A), L;(t) is the local time of Y;(t)
at 0 for j=1,...,n—1, 0<t<oo. R:=I1-P is (n—1)x (n—1)) matriz reflection matriz

where the elements of B are nonnegative and its diagonal elements are zero, and its spectral is
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less than unity, and I is the (n — 1)—dimensional identity matriz.

In Section B2 we see that the linearly growing variance condition ([B.12) is sufficient for (3:40).
The first condition is satisfied from the property of non-degenerate Brownian motion. Moreover,
using the results of Brownian motion with reflection in Theorem [2.6] the invariant distribution

of hybrid Atlas model under the linearly growing variance condition has a product form density.

Basic Adjoint Relations

Under the linearly growing condition ([BI2]) the projection Y(-) = PX(:) of n—dimensional
process X (-) can be identified as the reflected Brownian motion on & := (R;)"~! defined by
dY (t) = p(X () dt+XdW(t)+Rd L(t) for 0 <t < co. The diffusion part pu(X (¢))dt+Xd W (t)

has the piece-wise constant coefficients. Define the infinitesimal generator A on C%(&) by

_ n—1
7 1 y) 9o(y) 21
3.43 A =A == i ; e C;(R” R
(3.43) o(y) 2]21a aylaijF;“(m) oy P ECRYT
where 2 := (aij)lgi)j’gnfl =Y.
By an application of Ito’s formula and the properties of additive functionals we obtain the

following Lemma with the same reasoning in Section [2.4.5]

Lemma 3.5. Suppose that the stationary distribution v*(-) of process Y (-) on & ewists. For

[ € C3(&) we have the so called basic adjoint relation (BAR):

dv(Pz) =

zER™ Byk y=Px

(3.44) Af(Px)dv*(Pa) + Z /P .

where A f(Px) is defined by (3.43).

Stationary Distribution of Difference of Rankings

Define a class C* of piece-wise constant function by
(3.45)  {c(x) : R™ — R"'| ¢(z) = Ju(z), for some invertible ((n — 1) x (n — 1)) matrix J }

The following Lemma is obtained through the same argument as Proposition 271

Lemma 3.6. The linearly growing variance condition BI2) holds if and only if there exists
a non-zero function p(Pzx) = Cexp[— (c(x), Px)], satisfies the BAR B44) with dv*(Pz) =
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p(Pzx)dx, where c(-) € C* in BAD) and C is a positive normalizing constant. Moreover,

c(-) € C* is uniquely determined for each p(-) by
(3.46) c(x) = 2 diag (R)[ diag (A)] "R 'u(Pzx); = e€R",

where diag (R) and diag (A) are the (n—1)x(n—1)) diagonal matriz whose diagonal elements

are the same as R and 2, respectively.

Combining there Lemmata [3.5] and [3.6] with Proposition 2.8 together, we obtain the following
Theorem Bl which is a parallel statement of Theorem The stability condition R™b(-) < 0
elementwise in & of Theorem can be written as R~ u(-) < 0 in R™ now. The following

Lemma [377] states this condition in terms of the drift coéfficients ~v,v;,gx, 1 <i,k < n.

Lemma 3.7. In the hybrid Atlas model B3]) with (339) assume that the linearly growing

condition BI2)) and the following stability condition hold:
k
(3.47) Z(gz+’yﬁ(g))<0, k=1,....n—1, mel1l,
=1
then R~ 1p(x) <0 for x € R™ and the process Y (-) has the stationary distribution.

Theorem 3.1. Suppose that the Hybrid Atlas model B33])) satisfies the linearly growing variance
condition B12), and the stability conditions B39) and BAD). Then, Y(-) = PX(-) has the

product form stationary distribution with the density p(Px)

n—1

p(Pz) = [ > "1:[1 (Dj(ﬂ))fl} e ( =2 Ui@)(@pe ) — xpz<j+1))) :

(3.48) Tell j=1 =
5i(x) = 430 (g0 me) 5 () i A (9t )
J AL R

for1<j<n-1, x eR™.

Remark 3.4. The difference process Y(-) = PX(-) = (X1)() = X(2)(), -+ X(n—1)(-) = Xy (+))
has the invariant stationary distribution, while the process X (-) itself is not stationary. The sys-
tem represented by X (-) can be seen as n tiny particles marked their locations by (X1(-),..., X, (+))
diffuse in one-dimensional real line R. Under the assumptions of Theorem Bl the particles can
move in the whole real line but always stay together, being attracted by their location average

n~t 3" Xi(-). Thus, the range X(1)(T) — X(n)(T) of process can not diverge, as T — oo,
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which is a remarkably different behavior from the standard Brownian motions or the market

models represented by the Black-Scholes type.

Remark 3.5. When the model [B38)) satisfies v, =0 for ¢ =1,...,n, the above formula (B3.48])

is reduced much simpler to

n—1 n—1

o(Px) == [ 11 ﬂj} exp ( = (e — xpwml))) 7
(3.49) =t =t
4 J
vj = _WQE:Z;JQZ; zeR" j=1,....,n—1.
05 T Ij+1

This is the product of exponential distributions, conjectured by Banner, Fernholz & Karatzas
[5]. When 6% =--- =52 in (3.38)), the diffusion coéfficient does not depend on rankings of the
process and becomes the standard Brownian motion. Pal & Pitman [46] studied this standard
Brownian case of the Atlas model and computed the stationary distribution explicityly. Our
result here is consistent with their results. O

Remark 3.6. The stability condition conditions 339) and R~ 'u(-) < 0 make the coéfficients
v;(-) and 7;(-) of exponential distributions in (B.48]) and [B.49) positive. In fact, for simplicity,
assume v; =0, i =1,...,n. Then, px(-) = gr — gry1 for k=1,...,n— 1, and B39) implies
>t 1 gi=0. Let us write (n— 1)—dimensional vector u(-) = hi=(91—9g2,--- 9n-1—gn)" and

n—dimensional vector g := (g1,...,9,) . By the following linear algebra:

1 -1 5N

R h=nR"" | =wlAy
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where A is the ((n—1) xn) matrix and g is the (nx 1) vector. Moreover, we readily see that

1 g1 1 0 [
1 1
2R =2R
1 1 Gn—1 1 1 0 In
2 -1
1 0
-1 2
1
= g
2 -1
1 1 0
-1 2
1 -1 0 1 -1 0
0 1 0 0 1 0
= g = g
1 -1 - 1 -1 ~
0 0 1 -1 0 1 -1 0
1 1 v e 1 2 0 0O 0 - -+ 0 1 -1

=Ag (we have used g1 +...g, = 0 in the fourth equality)

~

imply

0<-R'h=-NR1Ag=-2

1 ee e 1 Gn—1

Thus, the stability condition conditions 339) and R~1u(-) < 0 imply the positivity of the
coéfficients 7;(-) and 7;(-) in (B48) and [B49). The above Lemma 7] is shown in the same

manner. O



131

3.3.2 Ergodic Properties
Strong Law of Large Numbers [26].

Because of (839)), adding up over ¢ =1,...,n in ([B.38), we obtain

(3.50) d(ZXi(t)):n'ydt—&—zn:&kdBk(t); 0<t<oo0,

i=1 k=1

where B(-) is defined similarly in (3.:28). Note that there is no drift by assumption in (B.25).

The Strong law of Large Numbers for Brownian motion gives then

. 1
(3.51) lim T ZXi(T) =n7y, a.s.

Under the same assumptions in Theorem [3.1] this property can be strengthened to

. Xi(T) s
(3.52) TILH;O T =7, as; i= 1,...,n,
as well as to
o Xw(T)
(3.53) TIEI;OT—% as.; k=1,...,n.

But then the elementary inequality eXm (1) < Z?:l eXi(M) < peX(T) implies

(3.54) Th_I)r(l)o % log (Zexp (Xz(T))) =7, a.s.

i=1
In conjunction with (.52, this implies that the coherence of the model:

. 1 exp(X;(T)) )
3.55 1 —1 =0.,a.s.: =1.... .
(3.55) 7200 T 8 exp(X1(T)) + - +exp(Xp(T)) &5 P 7 el

In the previous Section we see the ergodic property of drifted Brownian motion Y'(-) with
reflection under the conditions [3.39) and (B:47) in Lemma 3.7, and moreover, obtain explicitly
the invariant density function (B48) of PX(-) in Theorem Bl under the additional linearly
growing condition ([BI2]). The ergodic property of (n — 1)—dimensional process Y'(-) leads that
of n—dimensional process X(-) around its mean X := {X(¢),0 < t < oo}, where X () =

n~t3"" | Xi(-). For example, if Y is ergodic, the de-meaned process (Xi(t) — X(t),..., X, —
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X(t),t € Ry) is ergodic. Moreover, if Y is ergodic, so is

(3.56) ( Xl(t) Xn(t)

Xl(t)+"'+Xn(t)’”"Xl(t)Jr...Jan(t)a0§t<oo>.

This is one approach toward the ergodic properties through the Brownian motion with reflection.
There is another approach to the ergodicity, based on the elegant criteria of Khas’minskii[30],
[31]. Here let us see briefly the argument given by Banner, Fernholz, & Karatzas [5] and Karatzas
[26].

Recall that II is the symmetric group of permutations of , {1,...n}. Let us use the notation
of (n x 1) vectors g = (g1,...,9n) and 1, := (1,...,1)’, and functions G : R™ — R™ and
S :R"™ — R™ defined by

gr—1(1)
(357) G(y):=Y 1z, () :  S) =Y 1. (y) diag (Grr(1)s s Frt(m)) -

mell mell
gr—1(n)

We can then write the model (83]) in the vector format as
(3.58) dX(t) = (GY(t)+ g +71a)dt+SY(t))dW(t); 0<t<oo.

Note also that, because of (3.39), we have

(3.59) d( iXi(t)) =nydt+1,/S(Y(t)dW(t),

i=1

so that the centered process X (t) := X (t) — 1,(3°7, Xi(t))/n satisfies
(3.60) dX(t) = G(X(t)dt+ S(X(t)dW(t),

where we are setting G(y) := G(y) + g, S(y) == S(y) — n'1,14"S(y). Note that the ranks
of coordinates are preserved under the shift of all of them by the same scaler amount, i.e.,
YER S y+al, € Ry, Gly+aly) =G(y), S(y+aly) =S(y) for y € R", o € R. Then,
(B60) can be written as

(3.61) dX(t)=G(X(t)dt+S(X(t)dW(t); 0<t<oo.
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The state space of this centered process )Z'() is the subspace N :={yeR" : y; +---y, =0}
of R™, and the vector 1, of ones is orthogonal to this space.

The crucial observation is that the stability condition of diffusion X (-):

(3.62) Y(g+Gy) <clyl, yeN

~

holds for a suitable ¢ < 0. Indeed, for every y € N/,

V(9+GW) =D Un¥nty + O Un(0)90
~ =1 =1

n—1

M

(3.63) = Yr(n) Z 9o + Yre) +
=1
1

k
(Yn(k) = Yr(k—1)) Z ge + Y=(e))
1 (=1

n

= (yﬂ(k) - yﬂ(k—n)
k=1 )

M- 7

(9¢ + Vr(o)

1
holds for some 7 € II such that y € R.. Note that y € N, and yr1) > Yr2) > -+ > Yn(n)
mply yx(1) = 0 > Yr(n), Yn(y = ¥ for all 1 < ¢ < n. In particular, we have [jy[|* <

n max(ygr(l) 7y;L(n)) < n(yﬂ(l) - yTr(n))2 5 and thus

n—1 k
V(9 +GW) =D Wek) = Ynka1) - D_ (96 + Y(0))
~ k=1 =1
n—1
3.64
(3.64) < C\/ﬁZ(/yw(k) — Yr(ht1)) = NV (Yr(1) = Yn(n))

k=1

<clyll; yeN,

where we have set the constant c:

k

1
ci= E (9¢ +x)
ﬁ:gﬁn 1

by virtue of condition (34T). Under the condition ([B.62)) which we just verifeid, Khas miniskii’s
theory tells us that the process X (-) is recurrent with respect to Bs(0) NN for some ball B;(0)
of radius & > 0 centered at the origin. Consequently, the centered process X (*) has an invariant

distribution v(-) on N that satisfies the Strong Law of Large Numbers

(3.65) N T / y



134

for every bounded, measurable f: AN — R.

Average Occupation Time

For the application to portfolio analysis of equity market we examine the average occupation
time of the process X(-) in region Qz(.k) , 1.e., the average time of X;(-) being kth ranked : for
each k,i =1,...,n. By the Strong Law of Large Numbers (B.65]) we obtain

1T k
(3.66) Tlglclx) T/o 1Q§k) (X(t)dt =v(N N Qgi))) =0, P—a.s.,

namely, that the long-term averages of occupation times, spent by any given particle X;(-),
i=1,...,n in any particular rank k = 1,...,n, exist and are real numbers, i.e., non-random.
Since U?ZlQEk) =R" = U};LZIQEM , the (n xn) matrix © := (6x;)1<i k<n is a doubly stochastic
matrix: all its elements are non-negative, and all row- and column-wise sums are equal to one.
For the special case of the assumption in Theorem [B.1] the invariant distribution is written

explicitly, so is 6g;. In fact, we can compute from 6y; = Z{WEH:‘/r(k):i} 0. where

1T
(3.67) 0 = Tlglclmf/o 1{y"(1)>,“>yﬂ_(n>}(Y(t))dt P —a.s.
is given by
n—1 -t n—1
(3.68) 0= | > [T [I@E@E)™,
nel j=1 j=1

where v;(7) is defined in (B.48)) for = € II. This formula is obtained by A. Banner.

Growth Rate of Local Times [26].

Under the linear growth condition ([B.IZ) the ranked process (X(1)(-) > Xa(-) >

satisfies (B.41]), namely,

T
1 -
(3.69) Xy (T) = X1)(0) +/O (Y + gk + Vpo (i) At + i(Ak,k-H _ Ak 1,k) 7
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and hence, for k=1,...,n—1,

Xy (T) = Xpe+1(T)

T T
(3.70) = X(1)(0) = X(r41)(0) + / (9 +Vpo(ry) dt — / (g1 + Vpu (k1) dt
0 0
1 ~ ~
-3 [AR=2R(T) + ARPERY2(TY) + 54 Bi(T) — Gog1 Brega (T) -

By the Strong Law of Large Numbers for Brownian motions, the ergodic property ([3.53]), and

Xx)(T) = Xy (1)

(3.71) Tlgrclx) T =0, a.s.,
we obtain
1 Aﬁfl,é T A€+1,€+2 T
hm 7|: ( )+ ( ) _ AE,€+1(T)
T—oo T 2
(3.72) T T
+/ (9041 +7pt(l+1))dt_/ (9¢ + W) dt| =0, a.s.
0 0
for every £ =1,...,n— 1. Adding up in this equation over £ =k,...,n — 1, we obtain
i l [Ak—l,k(T) _ Ak,k+1(T) _ An—l,n(T)
(3.73) Toee L 2
+/ (gn +’th(n))dt — / (9 +’th(k)) dt} =0, a.s.
0 0
for every k=1,...,n — 1. Adding up now over all these values of k, we obtain
) An—l,n(T) ] 1 T n
(3.74) Jim =t =2 Jim /O (G + Vpe(m) At = 2(gn + ;%ek,i) .
In conjunction with (B73), we obtain from this
' 1 Ak—l,k(T) _ Ak’k'H(T) T
(3.75) TIE)I;OT[ 5 —/0 (gk + Ype(ky)) dt| =0, a.s.

But now it follows from this and ([3:69) that

X (T
3.76 lim L() =7, a.s.
(3.76) )

T—o0
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and moreover, we obtain

Ak,k+1(T) k n
(3.77) Jim =t = 2 S+ 00ivi) >0, as.
=1 i=1
and
1 r
(3.78) Tlim T ng/ ].Q(k)(X(t)) dt=—v;, as; 1<i<n.
IS S U '
This means
n
(3.79) > gkbki=—vi; 1<i<n.
k=1
or equivalently,
(3.80) > (gk+70)0ki =05 1<i<n.
k=1

This is a probabilistic proof of (380) given in [26] under the linear growth condition [BI2)). A.
Banner also showed it through algebraic computations [7]. Here is another proof of (3.80]) under
the linear growth condition ([BI2). This would be a sanity check of the probability density (B:4]).
Consider a subset R of R2" defined by

g i+ F+gnt+ty+-+y=0,
(3.81) R:={ (g1, Gns Vs sTn) € R G+t G+ Yy o ey £ O,

foreach j=1,...,n—1, m €1l

First observe for £ =2,...,n,

Z (g1 4+ ge—1+ V) + o F Yre=1))0r + Z (9e + i) 0x
{m:w(l—1)=4} {m:mw()=1}

= Z (gr+ -+ g+t + Yr(e) 0 -
{m:mw(€)=i}

(3.82)
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In fact, define a permutation ' from 7 € {7 : 7(¢{ — 1) =14} by

mk), k=1,....0—2,0+1,....n,
(3.83) m'(k) = n'(k;m) = m(l), k=0-1,
i, k=t,

which is obtained by exchanging (¢ — 1)th and /¢th element of 7 € {7: 7({ —1) = j }, and also
define M := (3 o H;:ll vj(m))~!. Then, the first term of the left-hand of the equation ([3:82)

is

n—1
Y. (mam) M [ )
j=1

{mm(t—1)=i}

=M ) (=1)-0(m) - Ta ()T () Pe(7)Pega () - T ()
{m:mw(l—1)=1}

=M Y (=1 o) Do (7)o (7)o (7)o (1) - D (7).
{n":7’(£)=i}

This is because on the set {7 : 7({ — 1) =i}, (i) for k=1,...,0—2,
U(m) = =(g1 + -+ gr + Yr() T F Vrh)
=—(g1 4 H g TVt rmw) = k()
(ii) for k=¢+4+1,...,n—1,
Up(m) = —(g1+ -+ gr +Yn) + -+ Vre—2) T Vi + V(o) F V(1) T+ %r(k))_l

=—(g1+ -+ g+ Vo)t T Ve e—2) T Vo) T Vare—1) T Ve e41) oo+ %/(k))_l

= I/k(’ﬂ'/) s

and (iii) for k= ¢,

vg(m) = —(g1+ -+ g0+ Y1)+ F Vrpe—2) + Vi +77r(€))71

=—(g1+-F gt vt F vee—2) e +%/(z71))_1 = vy(n'),
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and {7:7(l—1) =4} = {7 : 7 (¢) = i} . Then, the left-hand of [B.82) is

MY (<1 B D (70 s () - B ()

{m":m (£)=i}
n—1
+ M Z gz-f—%)Hﬁj(ﬂ')
{mem(@)=i} i=1

=M Z ng(w)[(_%fl(ﬂ))_l + g0 + Vi

{mm(£)=i} j=1

= Z Or (g1 + -+ go—1+Yr) -+ Vre—1) + 90 + Vr(e)) 5
{m:m(€)=1i}

which is the right-hand of (382]). Now applying (382) for ¢ =2,...,n, we obtain

Z gk +%i)0ki = (g1 + )01, + (92 + 7i)02,i + Z(gk + i) Ok.i
k=1 k=3

= Z (91 + Yr(1))0x + Z (g2 +7i)br + Z(gk + i) 0k,i
{m:m(1)=i} {m:mw(2)=i} k=3

= Z (91 + 92 + Vr(1) T Vr(2)0x + (93 +7i)03,: + Z(Qk +7i)0ki
{r(2)=i} k=4

= Z (gl + g2 + V(1) + ’7#(2))07r + Z 93 + ’72 071' + Z gk + ’Yz ek ,i
{m(2)=i} {m:m(3)=i} k=4

= Z (g1 + 92+ 93 + Vr(1) + Vr(2) + Vr(3))0x + Z(gk + i) Ok.i
{m:m(3)=1 k—4

— ... = Z (gl+"'+gn+’}/7r(1)+"'+77r(n))9ﬂ'
{m:w(n)=i}

=@+ g tnt o+ m)bni =0,

for ¢ = 1,...,n in the above set R. Therefore, under the assumptions [B39) and BI2) it is
verified that (8:80) holds. Note that ([B.80) holds without the assumption [BI2]) as we derived
from the Strong Law of Large Numbers. O

Invariant Distribution of Market Share

Since the process X (-) in (338)) represents the log capitalization of each stock,

eX(t) eX (1)
(384) (ml(t) = exl(t) —|— cee eXn(t) T 7mn(t) " exl(t) + e + exn(t) 70 S t < OO)
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are the market shares in the financial Atlas model, i.e., my is the kth largest company’s share

in the market. The stationary distribution of market shares are computed under the assumption

of Theorem [B.1t

(3.85)

Rema

p(ml, e 7mn_1)

:Ze ﬁl(ﬂ')"'ﬂnfl(’ﬂ')
it m;l(ﬂ—)—i_l . mgz(w)—m(‘n')—i-l . m;/li,ll(71')71/,1,2(71')+1m’;1/n,1(7T)+1 ’

O<mp<mp1<...<m <1, mp=1—m;—...—Mmy_1.

rk 3.7. As a concluding remark, let us discuss some open problems in the Atlas model.

(Portfolio optimizations) Under a class of equity market models with some ergodic proper-
ties, Cover [10] & Jamshidian [25] introduce the so-called universal portfolio. The authors
consider the target portfolio, which maximizes the self-financing portfolio, as a benchmark
for evaluating the long-term performance of constant-proportion portfolios and claim the
performance of universal portfolio is optimal in some asymptotic sense. Karatzas [27] com-
pares the performance of the universal portfolio vis-a-vis the target performance of the
target portfolio and the growth optimal portfolio under the Atlas model. The beauty of
universal portfolio is that it is unnecessary to know all the model parameters. One of
the interesting questions is how much a portfolio manager can improve the performance
comparative to the universal portfolio with the additional information about the model

parameters.

(No-triple-collision) Propositions in Section and in Section are sufficient
conditions for no-triple collision of the process X(:) with piecewise constant diffusion
coéfficients. Is there an easily verifiable necessary and sufficient criterion for no-triple-

collision?

(Circulation time) The average occupation time formula ([B56]) shows that the process stays
in the region ng) for the amount 6, of time on average, for 1 < i,k <n. The (n x n)
matrix © := (0j;) is the doubly stochastic matrix. Does the matrix © contain some
information about how fast the process switches from one region to another? Or about
how long does it take the top-ranked one go down to the bottom rank, then come up back

to the top?

(Statistical estimation) Statistical estimation of model parameters is another research topic.
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The model is similar to the self-exciting threshold-type discrete-time model studied by Tong
& Lim [58]. Fernholz [12] and Karatzas [26] propose some estimators of local times and

model parameters.
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