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1. Questions

The WALSH Brownian motion introduced i1fiW]

IS a two-dimensional analogue of the skew Browr}-

lan motion (e.g.[HS]) with a spinning probability
measurey on #A(S), where® is the unit circum-
ference

S = {(X1, %) ER? : X[+ X5 =

instead of Bernoulli probability od4({—1,1}).
There are several constructions oAV$H Brow-

nian motions. Here on a filtered probability spack

(Q, #,P),F = (F#)o<t<w let us consider the fol-
lowing system ofdegeneratestochastic iIntegral
= (Xg(t), Xo(t)), 0<t < 00

) dS(t) + v L3(), (1)

fori=1,2, driven by its radial parf X(-)|| = X(-),
where f(X) := (f1(X),§2(X)) = x/[|x|| for x € R?\
{0}, §(0) :=0, §-) is the KXOROKHOD reflection
(or folding)

S() —

of a real-valued, continuous semimartingble ),

V= /Gfi(z)l-l dz

and L=(-) is the local time accumulated at the ori

equations forX(t

—m+/ﬁ

U()+ max(-U(s))",

0<s<.
i = 1.2,

gin during the time-interval0, -| by a generic one-

dimensional continuous semimartingalé ) :

—uiro‘z—g/ Lio<=q <£}d (1) .

Assume for concreteness LEgb: St) = 0}) =0

andL>(«) >0 a.s. Here (1) can be seen as the tw-

dimensional analogue of ARRISON-SHEPPequa-
tion [HS] for the skew Brownian motion.

Q. Can we solve (1) ? If so, what can we say abopt

unigueness and other properties ?
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2. Change-of-variable formula

A.Yes, by folding and unfoldinghe semimartin-

gales, one can construct a planar process that
satisfies (1) and that for eveye %(|0,2m)),

LR() = AL, (2)

where RA(:) = [IX(1)| - 1a(arg(X(+))) is the
“thinned” semimartingale, and’(df) := p(dz),
2 G, 0€(0,2m).

It also satisfies the REIDLIN-SHEU like formula

dgx()) = ([ db(0+) viad)) ()

20 (GXO) ) +5 6/X() AU )

for every functiong : R* — R that is continuous ir
the topology induced by the tree-metric, and for
ery 0 € |0,2m) the functionr — gg(r) := g(r, 0)
s C2((0,%0)) with G/(x) := g(r), G"(X) := g(r)
for x=(r,0).

In particular, if G’(:) = 0, [2"g,(0+)v(d8) =
0, and if U(-) is a continuous local martingals
then so isg(X(-)). This leads tanartingale char-
acterizations For example, we have the following

0

CV-

C,

Proposition. When U-) is a standard Brownian

motion, the weak solution to the system (1) of ecﬂua

tions that satisfies (2) Is unigue in the sense of
ability distribution, and Is the/NALSH Browman
motion with the spinning measuge.

3. Angular dependence and more

ob

By time-change we may consider the correspo
INng submartingale problems for angular depen

infinitesimal generators. More elaborate, full d
cussion on diffusions of this type and solvability
(1) iIs In[IKPY] and references therein.
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