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STRONG/WEAK SOLUTIONS OF2D DIFFUSIONS WITHRANK-BASED CHARACTERISTICS

Abstract

We consider a class of two-dimensional diffusions intengcthrough
rank-based characteristics. In terms of the (possibly egae) rank-
based diffusion matrix we categorize the strength and wes&kof so-
lJutions to the corresponding stochastic differential ¢mus. Planar
Brownian motions generated by some combinatorial conatabers
have different degrees of information. This poster is basgdIKP].

1. Introduction

Q. Given a stochastic differential equation, what detersmnwaether
It admits a pathwise-unique solution or not?
A. Intuitively, If the equation specifies clearly enough tloerespond-

INg dynamics, It admits a strong solution; otherwise, itsipet.

For example, recall the one-dimensioialNAKA equation

dX (t) = sgr(X(t))dB(t);

where B(-) is a Brownian motion and s@r) 1= 1.0 — li<or- It

0<t < oo, (1)

hasa weak solution unique in distribution, but does not admit a strong
solution (e.g., see section 5.3 (KS]).
On the other hand, the one-dimensiopalturbed ANAKA equation

dX(t) = sgn X(t))dBy(t) +dBy(t); 0<t < o, (2)
admits a strong solution, where (B, (-),By(-)) is a planar BM (se@P]).
In (1) the diffusion coefficient 1 (foxk > 0) and—1 (for x<0) points
In exactly opposite directions, which creates some free@mmambi-
guity) of choosing positive/negative excursions of BM foe fpaths of
X(+). In (2) the additional noise diminish this ambiguity, angl &2i-
mits a strong solution. We discuss some two-dimensiondbgoa of
this phenomenon through diffusions with rank-based chanstics.

2. 2D Rank-based Diffusions

Given nonnegative constangs o with p?>+ g% = 1, let us consider
the following two-dimensional diffusiofX(-) := (X¢(-), Xo(-))" with

dX(t) = 2(Xq(t), X2(t)) dB(t), (3)
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where B(-) := (Bi(:),B2(-))" is a planar BM, andX(X;,Xp) =
24+ Livyoxor 2 Loy <y WIth 2 (X, X2) Z (X1, X2)" = &7 (X1, %2)

pz 1{X1>X2} _l_ 0-2 1{X1§X2} O

o (X1,X2) 1=
O p2 1{X1§X2} _l_ 0-2 1{X1>X2}

Note that with the notation oé; = (1,0), & = (0,1), the sign
of Y(:) := (&1 —&)X(-) = Xy(-) — Xo(-) determines the rank of
(Xa(-), Xo(+)), i.€e., X4(+) is bigger thanXy(-) or not.

3. Criterion of Weakness/Strength

Theorem The (unique in distribution) weak solution of the system (3)
failsto be strong, if and only if

(e1—€)I = —(e1—&)'Z,. (4)

Proof Is In [FIKP].
(€1 — &)’ 2, (for the half-plane{x; > x,}) and (e; — e,)'2_ (for the

Under the condition (4), the diffusion vector

half-plane{x; <x,})of Y(-) = (e;— &) X(-) pointinexactly opposite

directions. As in TANAKA equation, it becomes impossible for the plg-

nar diffusionX(-) to “escape strongly from the diagongl; = x,}.”
The matrix o/ (x1,%X2) has a total of 64 square roots of the for

Zl 1{x1>x2} 22 1{x1§x2} with
T 0 0 +
Z1 c p 9 'O ,
0 +o +0g O
+0 O 0 +o
25 E ;
0 +p +p O

With Theorem It can be verified that among these, 48 lead tmgly
solvable systems in the isotropip (= 0 = 1//2) or degenerate

(p o =0) cases, whereas 56 choices lead to strongly solvablensyst

INn all other cases.

4. Planar BMs and Filtrations

Along with the same line of analysis let us introduce two plaBrow-
nian motions(Vy(-),Vao(-))" and (W4(-),Ws())":

Vl(') = /o 1{y(s)>0}dBl(S)—|—/o 1{Y(s)§0}dBZ(S)7

Vo(+) = /o Liv(s)<0y dBa(S) + /o Liv(>0y dB2(S),
WA(+) = /o Liv(s)>0; dBa(S) — /o Liv(s)<0y dBa(S),

Wz() .= /o 1{Y(S)§O}dBl(S)_/O 1{Y(s)>0}dBZ(S)-

In general, the filtrationgV»V2)(.) and g"\2)(.) contain different

information. For example, ik, = diag(p,0) andZ_ = diag(g,p),

S(VlaVz)(.) ; S(WLWZ)(.) _ 3(51752)(.) _ g(xlaxz)(.).

5. Further Studies

More elaborate, full discussion on diffusion of this typangFIKP]
and references therein. For some new results in three oehdymen-
sional case sgéKS].
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